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Preface

The main objective of these lecture notes is the study of variety of doppelsemigroups. A
variety of algebras is a class of algebras closed under Cartesian products, homomorphic
images, and subalgebras. Equivalently, a variety is a class of algebras defined by some
family of identities. The study of varieties was initiated by Garrett Birkhoff in 1935, while
the term “variety” was introduced by Philip Hall in 1949. Many structures in general
algebra such as groups, semigroups, rings, Boolean algebras, dimonoids and etc. form a
variety. The free object in a variety over a set X is an algebra in the variety generated by
X and such that every mapping of X into any other algebra in the variety can be extended
to a homomorphism of the free object into that algebra. One of the key problems that
arise is the word problem for the variety. In order to study this problem, it is often useful
to know the structure of the free object in the variety. Free objects have many interesting
properties. The most deep results and problems of the variety theory are connected to the
investigation of concrete varieties and construction of relatively free algebras.

In general, relatively free objects in any variety of algebras are important in the study
of that variety and this has been true, particularly, in the study of doppelsemigroups. A
doppelalgebra is an algebra defined on a vector space with two binary linear associa-
tive operations. Doppelalgebras play a prominent role in algebraic K-theory. We con-
sider doppelsemigroups, that is, sets with two binary associative operations satisfying the
axioms of a doppelalgebra. Doppelsemigroups are a generalization of semigroups and
they related to such algebraic structures as duplexes, interassociative semigroups, restric-
tive bisemigroups, dimonoids, and trioids.

This book is devoted to the study of the structure of relatively free doppelsemigroups.
The results form the variety theory of algebraic systems, develop the theory of interasso-
ciative semigroups and they can be applied to constructing relatively free doppelalgebras.
The material is mainly based on the results obtained by the author in [44, 46, 48, 53]. The



vi

lecture notes offers promising results for future research in the variety theory of algebraic
systems.

The lecture course is mainly oriented on students and Ph.D students, specialized in
Algebra, and on specialists in the variety theory of algebras. A prerequisite needed for
reading this book is knowledge of basic facts from semigroup theory and universal al-
gebra. For a more extended reading in this direction we recommend [3, 6, 15, 19, 20, 30].

To simplify the understanding, results are given with the proofs. Rather, the exposi-
tion is focused on acquaintance with main ideas and approaches of the variety theory of
algebraic systems. Standard technical details from universal algebra are used. After the
main theorems, I give exercises for readers. At the end of each chapter, I try to give more
historical information, more motivations and references for further development. The
book will be very useful for persons beginning to study semigroup theory and universal
algebra.

The contents of the book is the subject of a mini-course on universal algebra that I
delivered at the University of Potsdam to Ph.D students in Fall 2017. I would like to
express my sincere gratitude to PD Dr. Jorg Koppitz for helpful remarks which improved

the presentation.
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Chapter 1

Examples and the
independence of axioms

In this chapter, we give numerous examples of doppelsemigroups and of strong dop-

pelsemigroups, and establish the independence of axioms of a strong doppelsemigroup.

1.1 Examples of doppelsemigroups

In this section, we give examples of doppelsemigroups.

Let us start with a description of a problem we will study.

Let R be a class of universal algebras. It is well known that the free object in R always
exists if R is a variety of universal algebras. The problem is to construct the free object
for a given variety. Free algebras play an important role in the study of algebras, since
every algebra is a homomorphic image of some free algebra. Therefore, we may acquire
thorough knowledge of properties of every concrete algebra studying the properties of
free algebras.

The main aim of the lecture notes is to present free objects in some varieties of algebras.

We begin with precise definitions.

Definition 1.1.1 ([48]). A doppelsemigroup is a nonempty set equipped with two binary

operations 1 and |- satisfying the axioms

(x4Ay)Fz=x4(ytF2), (D1)
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(xFy)dz=xk(yz), (D2)
(xdy)Hz=x4(y2), (D4)
(xFy)Fz=xF(yt2). (D5)

Definition 1.1.2 ([33]). A doppelsemigroup (D,-,}F) is called strong if it satisfies the
axiom
x4 (ykz) =xk(y2). (D3)

The class of all (strong) doppelsemigroups is a variety. It is natural to raise the problem
of constructing doppelsemigroups which are free in the variety V of (strong) doppelsemi-
groups and in the subvarieties of V. We will solve this problem in the following chapters.

The following example shows relationships between doppelsemigroups and semi-

groups.

Example 1.1.3. Let (D, ,I) be a doppelsemigroup. If the operations - and - of (D, -, )
coincide, then the doppelsemigroup becomes a semigroup. Thus, every semigroup can
be considered as a doppelsemigroup and doppelsemigroups are a generalization of semi-

groups.

Motivated by the problems of algebraic K-theory, J.-L. Loday introduced the notion of
a dimonoid.

Definition 1.1.4 ([24]). A dimonoid is a nonempty set equipped with two binary associa-

tive operations - and | satisfying the axioms (D2) and
(x4y)dz=x4(yt2), (x4y)Fz=xF(yF2).
For an extensive information on dimonoids see [38, 40].

Definition 1.1.5 ([37]). A dimonoid is called commutative if both its operations are com-

mutative.

The following statement establishes relationships between doppelsemigroups and di-

monoids.

Proposition 1.1.6. Every commutative dimonoid is a doppelsemigroup.
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So, the variety of commutative dimonoids is a subclass of the variety of doppelsemi-
groups. Examples of commutative dimonoids can be found in [37, 40, 41]. The con-
nection between commutative dimonoids and doppelsemigroups was established in [49].
Free dimonoids were constructed in [24] and [42].

Exercise 1.1.7. Prove that every commutative dimonoid is a doppelsemigroup.

Remark 1.1.8. The considerations in this manuscript are restricted to doppelsemigroups;
however, it is natural to study the problem of the construction of free objects for the
variety of dimonoids (see, e.g., [52]).

For constructing new doppelsemigroups let us consider one class of semigroups.

Let S be a semigroup and a € S. Define a new binary operation o, on S by xo, y = xay
for all x,y € S. Then o, is associative and hence (S,0,) is a semigroup [17]. The semi-
group (S,0,) is called a variant of S, or, alternatively, the sandwich semigroup of S with
respect to the sandwich element a, or the semigroup with deformed multiplication. The

operation o, is usually called the sandwich operation.

Lemma 1.1.9. Let S be a semigroup and let a,b € S. Then (S,04,0p) is a doppelsemi-
group.

Proof. The proof follows by a direct verification. U

Exercise 1.1.10. Prove Lemma 1.1.9.

The notion of a left (right) translation plays an important role for the description of the

structure of semigroups. Recall definitions.

Definition 1.1.11 ([6]). A transformation A(p) of a semigroup S is called a left (right)
translation if (xy)A = xAy ((xy)p = x(yp)) for any x,y € S.

Using one-sided translations, we can construct doppelsemigroups.

Proposition 1.1.12. Let S be a semigroup and let Ay, A, be left translations of S, p1,p2
I’ig/’ll‘ translations OfS and Z/lpl = Plllx A,gpz = pzlz, A,zpl = pP1 2,2, llpz = pzll. Then
S with operations - and |-, defined by

xdy:=xpi(yh) and xFy:=xp2(yA)

forall x,y € S, is a doppelsemigroup.
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Proof. For any x,y,z € S, using conditions of our proposition, we obtain

(xAy) 4z = (xp1(yA)) 4z = (xp1 (Y1) p1(zh1)
= xp1 (YA1p1)(zh1) = xp1 (yp1A1)(zh1)
=xp1(yp1(zA)) A = x4 (yp1(zh1)) = x - (yH2),

(x4y)Fz= (xp1(YA1)) Fz = (xp1 (yA1))p2(2A2)
=xp1(yA1p2)(zA2) = xp1 (yp21)(242)
=xp1(yp2(22)) i = x4 (yp2(2h2)) = x 1 (yF2),

(xbEy) Hz= (xp2(yA2)) 4z = (xp2(yA2)) p1(zA1)
= xp2(yA2p1)(zh1) = xp2 (yp122) (z1)
=xp2(yp1(zh1)) A2 = xF= (yp1(zh1)) = xF= (yz)

and

(xEy)Fz=(xp2(yA2)) Fz= (xp2(yA2))p2(242)
=xp2(yA2p2) (2h2) = xp2(yp2A2) (242)
=xp2(yp2(242)) A2 = xb (yp2(2h2)) = xt (v 2). O
The doppelsemigroup obtained in Proposition 1.1.12 is denoted by Sg} fg
Let D = (D,,I) be an arbitrary doppelsemigroup and let I, J be arbitrary nonempty

sets for which the map
p:JxI—=D:(ji) = (j,i)p=pji
is defined. Consider operations ' and ' on D’ := I x D x J defined by

(i,a,j) = (k,b,t) := (i,a4 pj.b,t),
(i,a, j)VF (k,b,t) :== (i,akpjxb,t)

for all (i,a, j), (k,b,t) € D'. The algebra (D', ;') is denoted by Dop(Z, D, J; p).
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Proposition 1.1.13. Dop(1,D,J; p) is a doppelsemigroup.

Proof. Let (i,a, j), (k,b,t), (I,c,m) be arbitrary elements of Dop(I,D,J; p). Then

((i,a,j)—V(k,b,t))—V(l,c,m):(i,a—|pjk—|b,t)—|/(l,c,m)
= (i,(adpjpAb)Apy-c,m) = (i,adpjy(b4dpy-c),m)
= (i,a,j) ¥ (k,b-py-c,m) = (i,a, j) ' ((k,b,t) ¥ (I,c,m))

by the associativity of the operation -. Moreover,

((i,a,j)~ (k,b,0))F (I,c,m) = (i,a4pj-b,t)F (I,c,m)
(i,(a4pjxAb) - put-c,m) = (i,((a4pj) 4b) - (put-c),m)
(i,(apje) F(bF(putc)),m) = (i,a, j) + (k,bl=pu't-c,m)
(i,a, j) = ((k,b,t)F (I,c,m))

according to the associativity of operations -, F and the axiom (D1). Similarly, the
associativity of - and the axiom (D2) can be checked.

Thus, Dop(I,D, J; p) is a doppelsemigroup. O

Exercise 1.1.14. Prove that the associativity of ' and the axiom (D2) are satisfied in
Dop(Z,D,J; p).

Observe that if operations of a doppelsemigroup D coincide and it is a group G, then
we obtain a Rees semigroup Dop(1,G,J; p) of the matrix type [6]. So, Dop(1,D,J;p)
generalizes the semigroup Dop(1, G, J; p). The doppelsemigroup Dop(I,D,J; p) is called
a Rees doppelsemigroup [48]. The Rees-Sushkevich theorem [6] states that a semigroup
is completely O-simple if and only if it is isomorphic to a Rees semigroup of the matrix
type. In connection with this fact the following question naturally appears.

Open Problem 1.1.15. Obtain an analog of the Rees-Sushkevich theorem for semigroups
in the class of doppelsemigroups.

Using sandwich operations, we obtain the following example of a doppelsemigroup.

Example 1.1.16. Let (D,,F) be a doppelsemigroup and a,b € D. Define operations 1,
and 5 on D by
xqy:=x-a-y and xk,y:=xkFbly
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for all x,y € D. By a direct verification, (D,,,Fp) is a doppelsemigroup.

The doppelsemigroup (D,,,F;) is called a variant of (D,,}), or, alternatively, the
sandwich doppelsemigroup of (D, ,\-) with respect to the sandwich elements a and b, or
the doppelsemigroup with deformed multiplications [46].

Example 1.1.17. The direct product [];c; D; of doppelsemigroups D;,i € I, is a dop-

pelsemigroup since the class of all doppelsemigroups is a variety.

Definition 1.1.18. An element 0 of a doppelsemigroup (D,-,F) is called zero if
xx0=0=0x*xforallx€ D and * € {d,F}.

Now we give one class of doppelsemigroups with zero.

Let D = (D,,I) be an arbitrary doppelsemigroup and let / be an arbitrary nonempty
set. Define operations ' and ' on D' := (I x D x [)U{0} by

(i,axb,t) if j=k,
0 if Ak

(i,a, ) (k.b,t) ==

and
(i,a,j)*' 0:= 0% (i,a,j) :=0+0:=0

for all (i,a, j), (k,b,t) € D'\ {0} and x € {-,F}. The algebra (D’,~,I-") is denoted by
B(D,1).

Proposition 1.1.19. B(D,I) is a doppelsemigroup with zero.

Proof. The proof is similar to the proof of Proposition 1 from [43]. O

Exercise 1.1.20. Prove Proposition 1.1.19.

Observe that if operations of a doppelsemigroup D coincide and it is a group G, then
any Brandt semigroup [6] is isomorphic to some semigroup B(G,I). So, B(D,I) genera-
lizes the semigroup B(G,I). The doppelsemigroup B(D, 1) is called a Brandt doppelsemi-

group.
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1.2 Examples of strong doppelsemigroups

In this section, we consider examples of strong doppelsemigroups.

Example 1.2.1. Every semigroup can be considered as a strong doppelsemigroup and

strong doppelsemigroups are a generalization of semigroups.

A collection of constructions of relatively free dimonoids was given in [52]. In [54],
it was shown that any dimonoid is isomorphically embedded into some dimonoid con-
structed from a semigroup. The following example shows connections between strong

doppelsemigroups and commutative dimonoids.

Example 1.2.2. By [37, Lemma 2], every commutative dimonoid is a strong doppelsemi-
group. So, the variety of commutative dimonoids is a subclass of the variety of strong

doppelsemigroups. Examples of commutative dimonoids can be found in [37, 40, 41].

Let (D,,F) be a doppelsemigroup and a,b € D. Recall that the doppelsemigroup
(D, 4, ) with operations, defined by

x4y =x-a-y and xk,y:=xkbky

for all x,y € D, is called a variant of (D,,}) (see Example 1.1.16).

Proposition 1.2.3. Let (D,,\-) be a commutative strong doppelsemigroup. Then any

variant of (D,—,) is a commutative strong doppelsemigroup.
Proof. The proof follows by a direct verification. O

Exercise 1.2.4. Prove Proposition 1.2.3.

The proof of the following proposition follows from the proof of Proposition 1.1.12.
Proposition 1.2.5. Let S be a semigroup and let Ay, A, be left translations of S, p1,p2

I’ig/’ll‘ translations OfS and Z/lpl = Plllx A,gpz = pzlz, A,zpl = pP1 2,2, llpz = pzll. Then

the doppelsemigroup S%: ;}g is strong if and only if

xp1(yp2 1) (zh2) = xp2(yp1A2) (zA1)

forall x,y,z € S.
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Exercise 1.2.6. Prove Proposition 1.2.5.

As usual, we denote the set of all positive integers by N. The following three lemmas
are needed for the sequel, namely, for solving the problem of constructing free objects in

the variety of doppelsemigroups.

Lemma 1.2.7. In a doppelsemigroup (D,-,\), for any 1 <n € N, and any x; € D,
1 <i<n+1, and xj € {4,F}, 1 < j <n, any parenthesizing of

X1 *¥1X2 %) ... %y Xyt

gives the same element from D.

Proof. The proof follows from the associativity of operations of a doppelsemigroup and

from its axioms. O

Exercise 1.2.8. Prove Lemma 1.2.7.

Lemma 1.2.9. In a strong doppelsemigroup (D,,F), for any n € N and any x; € D with
1<i<n+1l,andx;e{dF}withl<j<n,

X1 k1 X2 %2 ook K] = X1 ¥1g X2 %2 - - - kg Xn41,

where T is a permutation of {1,2,...,n}.

Proof. The proof follows from Lemma 1.2.7 and the axiom (D3) of a strong doppelsemi-

group. O
Exercise 1.2.10. Prove Lemma 1.2.9.

Lemma 1.2.11. In a strong doppelsemigroup (D,,), for any k,n € N, and any x; € D
withl <i<k+n,

X1 I—...}—xk—|xk+1 —|...—1xk+,, = X1 —|...—1xn+1 }—...I—xn+k.
Proof. The proof follows from Lemma 1.2.9. O

Exercise 1.2.12. Prove Lemma 1.2.11.




1.2 Examples of strong doppelsemigroups 9

It is natural to consider the question when a Rees doppelsemigroup is strong.
Let Dop(I,D,J; p) be a Rees doppelsemigroup defined in Section 1.1. If D is a strong
doppelsemigroup, denote Dop(, D, J; p) by SDop(1,D, J; p).

Proposition 1.2.13. SDop(1,D,J; p) is a strong Rees doppelsemigroup.

Proof. By Proposition 1.1.13, SDop(1, D, J; p) is a Rees doppelsemigroup.
Let (i,a, j), (k,b,t), (I,c,m) be arbitrary elements of SDop(/,D,J; p). Then

(i,a, j)H ((k,b,t) 4 (I,c,m)) = (i,a, j) (k,b- py-c,m)
(i,aFpjx=(bApy-c),m)= (i,adpjy(bFpytc),m)
(i,a,j) ' (k,bFpytc,m) = (i,a,j)+ ((k,b,t)F (I,c,m))

according to Lemmas 1.2.7 and 1.2.11. Thus, SDop(/,D,J; p) is a strong doppelsemi-

group. O

The construction of SDop(/,D,J; p) generalizes a Rees semigroup of the matrix type

[6].
The concept of &-related semigroups was introduced by Hewitt and Zuckerman. Let

us recall the definition.

Definition 1.2.14 ([16]). Semigroups (D, ) and (D,F) are called &-related if
xdydz=xkFykz

for all x,y,z € D.

By [37, Lemma 2], the semigroups (D,) and (D,F) of a commutative dimonoid
(D,,F) are P-related.

Definition 1.2.15. If for a semigroup S, distinct a;, ap do not exist such that a;x = ax,

xa) = xap for all x € S, then S is called a weakly reductive semigroup.

By [14, Theorem 2], two &-related, weakly reductive semigroups defined on the same

set are strongly interassociative, that is, they satisfy the axioms (D1)—(D3). So, obtain

Proposition 1.2.16. If (D,) and (D,t) are P-related, weakly reductive semigroups,
then (D,,\) is a strong doppelsemigroup.
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1.3 The independence of axioms of a strong doppelsemigroup

The independence of axioms of the given axiomatic theory plays an important role for
constructing the theory. In this section, we prove the independence of axioms of a strong

doppelsemigroup.

Definition 1.3.1. A system of axioms Y is independent if any axiom o from Y can not

be deduced from the system of axioms Y \{o}.

Lemma 1.3.2. Ler X :={a,b,c,d,e, f,g,h}. Define operations 4 and + on X by

aka:=c,
atFb:=a-c:=cHa:=d,
atc:=cta:=f,
bFa:=g, a-a:=b,
a-lb:=b-a:=e,

udv:=ubv:=h otherwise.

The model (X,,F) satisfies the axioms (D2)—(D5) but does not satisfy (D1).

Proof. Letx,y,z € X with {x,y,z} # {a}. Then it is easy to verify that

(xFy)dz=xt(ydz) =h,
(xdy)Hdz=x-4(yHz) =h,
(xFy)Fz=xF(ylz)=h,

So, it remains to check the cases where only a appears in the terms. We have

(ata)da=cHa=d=atb=alt (a-a),
(ada)da=bHda=e=a-db=a-4(a4a),
(aka)lFa=cta=f=atc=at (ata)

d(aka)=a-dc=d=a+b=al (a-a).

b
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This shows that the axioms (D2)—(D5) are satisfied. But the axiom (D1) is not valid in

(X,,F) since we have
ad(ata)=a-dc=d#g=bFa=(a-a)ta. O
Lemma 1.3.3. Let X :={a,b,c,d,e, f,g,h}. Define operations 4 and - on X by

aka:=c,
atkb:=bkFa:=a-c:=e,
atc:=cka:=f,
cHda:=g, a-a:=b,
a-1b:=b-a:=d,

udv:=ulv:=h otherwise.
The model (X ,,F) satisfies the axioms (D1), (D3)—(D5) but does not satisfy (D2).

Proof. The proof is similar to the proof of Lemma 1.3.2. O

Exercise 1.3.4. Prove Lemma 1.3.3.
Lemma 1.3.5. Let N° be the set of all positive integers with zero, and let
x"dy:=2x, z40:=0:=04z and zFc:=0

for all x,y € N and all z,c € N°. The model (N°,,\-) satisfies the axioms (D1)—(D3),
(D5) but does not satisfy (D4).

Proof. Indeed, for all z,¢,a € N°,

(zHc)Fa=0=z-(cta),
(zFe)da=0=zF(cHa),
z4(cka) =0=zF(cHa),
(zke)Fa=0=zF(cta).
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In addition, for all x,y,b € N we get
(x"4y)db=2x4b=4x#2x=x-12y =x-(y-b). O
Lemma 1.3.6. Let N° be the set of all positive integers with zero. Put
z4c¢:=0, xty:=2y and zF0:=0:=0Fz

forall z,c € N and all x,y € N. The model (N°,,F) satisfies the axioms (D1)—(D4) but
does not satisfy (D5).

Proof. The proof is similar to the proof of Lemma 1.3.5. O

Exercise 1.3.7. Prove Lemma 1.3.6.

Lemma 1.3.8. Any doppelsemigroup which is not strong satisfies the axioms (D1), (D2),
(D4), (D5) but does not satisfy (D3).

Proof. Let F[X] be the free semigroup on a set X and a,b € F[X]|. Consider variants
(F[X],04) and (F[X],0p) of the semigroup F[X]. By Lemma 1.1.9, (F[X], 04, 0}) is a dop-
pelsemigroup. So, (F[X],o,4,0p) satisfies the axioms (D1), (D2), (D4), (D5). Moreover,
for all x,y,z € F[X] we get

x0g4 (yopz) =x04 (ybz) = xaybz # xbyaz = x oy (yaz) = xop (y 0, 2).
Thus, the axiom (D3) is not valid in (F[X],04,0p). O

From Lemmas 1.3.2, 1.3.3, 1.3.5, 1.3.6 and 1.3.8 we obtain

Theorem 1.3.9. The system of axioms (D1)—(D5) is independent.

The independence of axioms of a doppelsemigroup proved in [46] follows from the
last theorem.

At the end of the chapter we give an information about interassociativity which is
closely related to doppelsemigroups.

The term interassociativity was introduced by Zupnik in [55] for groupoids. Recall

that two binary operations < and - on a nonempty set S are interassociative if the axiom
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(D1) holds. This notion is useful in the investigation of functional equations for algeb-
raic systems. Later, using the Zupnik’s concept, Drouzy [7] defined interassociativity
for semigroups. Namely, a semigroup (D,I) is called an interassociate of a semigroup
(D, ) if the axioms (D1) and (D2) hold. So, a semigroup (D,}) is an interassociate of a
semigroup (D, ) if and only if the algebra (D,,|) satisfies the following hyperidentity
of associativity [28, 29]: A(x,®(y,z)) = ®(A(x,y),z). Such semigroups have been ex-
tensively studied over the past several decades. Some methods of constructing interasso-
ciates for semigroups were developed in [4]. Boyd and Gould [3] discussed the questions
about an isomorphism between interassociative semigroups. More recently, attention has
turned to the consideration of all interassociates of a monogenic semigroup [13], of the
free commutative semigroup [8, 12] and of the free semigroup on the two-element alpha-
bet [11]. Interassociates of bicyclic semigroups were studied in [9]. The construction of
a variant of a semigroup was proposed in [23] and studied later on for various classes of
semigroups by several authors, see, e.g., [17, 18, 27] and others. Variants of semigroups
play a special role for constructing interassociative semigroups. This confirms the fact
that two variants of a semigroup are interassociative. Moreover, if a semigroup (D,F) is
an interassociate of a monoid (D, ), then (D,}) is a variant of (D, ) (see [28], p. 133;
[29]). The main result of Drouzy’s paper [Z] follows from here: Two interassociative
groups are isomorphic.

One of the kind of interassociativity is a strong interassociativity. This concept is of
significance in studying &?-related semigroups [16]. Strong interassociativity for semi-
groups was introduced by Gould and Richardson [14]. Recall that a semigroup (D,}) is
called a strong interassociate of a semigroup (D,) if (D,-,F) is a strong doppelsemi-
group. The class of all strong doppelsemigroups forms a subvariety of the variety of
doppelsemigroups. In particular, if (D, ,F) is a commutative doppelsemigroup, that is,
a doppelsemigroup with commutative operations, then a semigroup (D,}F) is a strong
interassociate of a semigroup (D, (see [48], Lemma 4.1). The constructions of the
free strong doppelsemigroup, of the free n-dinilpotent strong doppelsemigroup, of the
free commutative strong doppelsemigroup and of the free n-nilpotent strong doppelsemi-

group will be presented in Chapter 3 (see also [33]).






Chapter 2

Structure of free
doppelsemigroups

In this chapter, we introduce the construction of a free product in the class of universal
algebras and present a free product in the variety of doppelsemigroups. As a consequence,
we obtain a free doppelsemigroup. We also construct and study some relatively free

doppelsemigroups and characterize the least congruences on a free doppelsemigroup.

2.1 Free products and free doppelsemigroups

In this section, we give the definition of a free product in the class of algebras. Then,
using this definition, we construct a free product of doppelsemigroups and, as a conse-
quence, obtain a free doppelsemigroup of an arbitrary rank. This result generalizes the
construction of the free doppelsemigroup of rank 1 presented in [31, 32]. We also estab-
lish that the semigroups of the constructed free doppelsemigroup are isomorphic and the

automorphism group of the free doppelsemigroup is isomorphic to the symmetric group.

Definition 2.1.1. Let R be a class of universal algebras Ag, B € Q. A free product in the
class R of algebras Ag, B € €, is an algebra A from the class R which contains all Ag as
subalgebras and such that any family of homomorphisms of algebras Ag into any algebra

B from R can be extended to a homomorphism of the algebra A into B.

15
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It is well known (see, e.g., [21, 36]) that the free product in R always exists if R is a va-
riety of universal algebras, and every free algebra is the free product of one-generated
free algebras. The structure of one-generated free doppelsemigroups was described
in [31, 32]. So, having the construction of the free product of doppelsemigroups and,
using one-generated free doppelsemigroups, we can obtain a free doppelsemigroup of an

arbitrary rank.

In order to construct a free product of doppelsemigroups we need to use a free product

of semigroups. Recall the construction of a free product of semigroups.

Proposition 2.1.2. Let {S;}icr be a family of arbitrary pairwise disjoint semigroups S,
i €1, and FR the set of all such finite nonempty sequences aya; ...ay that if aj € S;,,
1< j<k thenij#ijt1, 1 < j<k—1. Define the operation e on FR by

ayay...agebiby...b

aiay...agb\by...bg ifakeS,»,bleSj,i;éj,

ajay...ag—1(ag-b1)by...bs ifag, by €S;, “-” is the operation on S;, i € I.

The set FR with respect to this operation is a semigroup.

This semigroup is called the free product of semigroups S;, i € I.
Exercise 2.1.3. Prove that (FR, e) is a semigroup.

Now we are ready to solve the problem of constructing a free product of doppelsemi-
groups.

Let Fr[S;];s be the free product of arbitrary semigroups S;, i € I. For every w € Fr[Si];e;
denote the first (respectively, last) letter of w by w(?) (respectively, w(!)) and the length of
w by .

Let {(D;,i,F) }ier be a family of arbitrary pairwise disjoint doppelsemigroups, T the
free monoid on the two-element set {a,b} and 6 € T the empty word. The operations on
Fr[(D;,)]ier and Fr[(D;,t;)]ics are denoted by - and F, respectively. By definition, the
length Ig of @ is equal to 0. Define operations ' and " on

Fr:= {(w,u) € Fr[(Di, "i)|ict X T | Ly — L, = 1}
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e (1 0 .. .
(wiwo,uj o4 uy) 1fw§)GDi,wyGDj,t,JEI,L#J,

(0

(Wl,ul)—v (Wz,uz) = )
(wiAwa,uuz) ifwy/,wy” €Dy iel

and

(wiwa,uyopuy) il e D w eDjijel i ],

(1 0

(W],ul) F/ (Wz,uz) =
(wiFwo,upup) ifw/,wy” €Dy iel

for all (wy,u),(wa,up) € Fr. The obtained algebra is denoted by FrD(D;);es. Since
universes of Fr[(D;, ;)]ie; and Fr[(D;,;)]ier are equal, we can use Fr[(D;,+;)];er instead
of Fr[(D;,;)]ier in the definition of Fr.

If s = 1, we will regard the sequence y1y;...ys—1 € T as 6.

The main result of this section is the following.
Theorem 2.1.4. FrD(D;);¢; is the free product of doppelsemigroups (D;,;,F;), i € L

Proof. Using the associativity of the operation of a free product of semigroups, of a free
monoid and of sandwich operations o4, o5, one can directly check that FrD(D;);es is

a doppelsemigroup. For each (D;,;,t;),i € I, we have
(Di,4,’,F,’) = bl‘ = {(W,M) S FI‘D(Dl‘)iEI | we D,’}

and all doppelsemigroups D;,i € I, generate FrD(D;);c;. Moreover, from the definition of
FrD(D;);¢; it follows that any its element has a unique representation in the form of the

product of a finite number of different elements from U;c;D;.

In order to complete the proof we should check the condition of continuability of a ho-

momorphism. For every i € I let
Q; . (Di7_|i7|_i) — (K, —|U7|—//)

be a homomorphism of (D;,~;,I;) into an arbitrary doppelsemigroup (K,—",+"). Take
(ZmyZmy -+ - ZmgsY1Y2 - - -Ys—1) € FID(Dy)ier, where zp, € Dy, 1 < k <'s, y, € {a,b},
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1 < p < s— 1. Define a map

o FI‘D(D,‘)ieI — (K, _w,}—//)

by
Zmy amlj’vlzmzam23’v2 .. ~)7$712m;ams if o= (Zm|zm2 e Zmgy Y1Y2 - - -y.s71)7
oo = s> 1,
Zmy O, if o= (Zml,e),
where
" " ifyp =a,
Yp =
H'ify,=b

forall 1 < p<s—1,5> 1. According to Lemma 1.2.7  is well-defined.
Using homomorphisms o;,i € I, one can show that ¢ is a homomorphism continuing
o,i € I. Thus, FrD(D;);¢; is the free product of doppelsemigroups (D;, ;,F;),i€l. O

Exercise 2.1.5. Show that the map « defined in the proof of the previous theorem is

a homomorphism continuing o;,i € I.

Remark 2.1.6. Consider separately the set Fr[(D;,;)];c; with operations <’ and >’ de-

fined by the rules
/ wiwy  itwl) €Dy wl” €Dy ijel i ],
wp < wp = ) 1 (0)
wi—wy ifw,wy’ €D iel
and
" D e w® ep. el it
’ W2 1wy € iy Wy S j717]€ 717&]7
W1 = Wy =

w1k ws ifwgl),wgo) eD;iel

for all wy,wy € Fr[(D;,;)]ic;. From the proof of Theorem 2.1.4 it follows that
(Fr[(Dy, 4))ier,<',>") is a doppelsemigroup. This doppelsemigroup is generated by
UierD; but it is not a free product of doppelsemigroups (D;,;,F;), i € I. Indeed, any
element xy € Fr[(D;,;)]ic;, where x € D;, y € Dj, i # j, can be written as x <’y and x>~y

that contradicts the uniqueness of representation of elements of the free product.
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Further we are going to show that the constructions of a free product of doppelsemi-
groups and of a free product of dimonoids are different. Let us recall the construction of

a free product of dimonoids [47].
Let Fr[S;]icx be the free product of arbitrary semigroups S;, i € X. Consider the set

G(S))iex := {(wym) € Fr[Si]iex x N1, > m}.
For all (w,m) € G(S;)icx and u € Fr[Si];cx let

f(u : _: lu+m if lu(l)w(o) = 27
wm) * .
Li+m—1 lflu“)w(o) =1.

For a given relation p on a dimonoid (D, ,l-) (see Definition 1.1.4), the congruence
generated by p is the least congruence on (D, -, ) containing p. It is denoted by p* and
can be characterized as the intersection of all congruences on (D,,F) containing p.

Let {(D;,;,li) }iex be a family of arbitrary pairwise disjoint dimonoids. The opera-
tions on Fr[(D;, ;)]iex and Fr[(D;,};)]iex are denoted by - and I, respectively. For every
i € X consider a relation

6; = {(atib,a-;b)|a,b € D}

on a dimonoid (D;,;,F;). It is clear that operations of (D;,;,F;)/67 coincide and it is a

semigroup.

Let 0 = (x1x2...X...x5,1), @ = (V1y2...Yk---Yp, 1) € G((Di,i))iex, where

X15X2y e e vy Xhy o v w3 X5y Y15Y20 -5 Vho -3 Yp € UDZ
ieX

Define a relation ~ on G((D;,;))iex by

 ~
if and only if

s=p, t=m xkefkykforalllgkgsandsomejkeX, and x; =y,.

It is not hard to check that ~ is an equivalence relation. Denote the equivalence
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class of ~ containing an element (w,m) € G((D;,;))icx by [w,m] and the quotient set
G((Di,i))iex/ ~ by G*((Di; i) )iex-
Define operations " and =" on G*((D;,;))iex by

wi,my] = [wa,ma] == [wi Awo,my],
[wismi ] [wa,mo] = [wibwa, i) ]

for all [wy,m],[w2,mo] € G*((Di,~;))icx. The algebra (G*((Di,~;))iex, ') is de-
noted by G(D;)icx.

Theorem 2.1.7 ([47], Theorem 2.3). G(D;)cx is the free product of dimonoids (D;, =i, F;),
ieX.

Remark 2.1.8. We constructed the free product of doppelsemigroups using the Cartesian
product of the free product of semigroups and the free monoid on the two-element set. In
contrast, the free product of dimonoids was constructed from a free product of semigroups
and the set of all positive integers, and using some factorization. Since the axioms of
a dimonoid and of a doppelsemigroup are different, the details of the constructions are
also different.

Our next task is to obtain a free object in the variety of doppelsemigroups. Recall the
construction of a free semigroup.

Let X be an arbitrary nonempty set. Let us denote by F[X] the set of all nonempty
finite words aja;...a,, in the alphabet X. A binary operation is defined on F[X] by
juxtaposition:

(a1az...am)(biby...by) :=a1az...amb1by ... by.

With respect to this operation F[X] is a semigroup, called the free semigroup on X. The
set X is called the generating set of F[X].
Let F[X] be the free semigroup on X. Define operations < and > on

F:={(wu) €eFX|xT |, —1l,=1}

by
(wi,ur) < (wa,uz) := (Wiwo,u1 04 Ua), 2.1

(W1,M1) b (Wz,uz) = (W]WZ,ul 0p u2) 2.2)
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for all (wy,u;), (wa,uz) € F. The obtained algebra is denoted by FDS(X).
Theorem 2.1.9. FDS(X) is the free doppelsemigroup.

Proof. Let {(D;,i,F)}ics be a family of pairwise disjoint one-generated free dop-
pelsemigroups. It is known [31, 32] that for each i € I, (D;, ;,F;) = (T, 04,0p). Since any
free algebra is the free product of one-generated free algebras, we obtain that the free dop-
pelsemigroup of rank n is the free product FrD(D;);c; of doppelsemigroups (D;,;,+;),
i €1, where |I| = n.

It is immediate to check that FDS(X) is a doppelsemigroup. Let us show that
FrD(Dy)ie; = FDS(X) if || = [X|.

If X = {r}, one easily proves that the map

(T,04,0p) — FDS(X) : u — (rl“+1,u)

is an isomorphism. Thus, for each i € I and |X| = 1, (D;,;,F;) = FDS(X). Further for
every x € X assume I'y = FDS({x}).

Consider the free product of doppelsemigroups I'y,x € X, and for convenience, denote
it by (I'y)xex. By the construction of the free product from Theorem 2.1.4, elements of
(T'y)xex have the form

() a0) (052 u2) - () yiy2 - yso),
where x; € X, kj e N,u; € T, 1 < j<s,yp € {a,b}, 1 <p<s—1andx;#xjy for
1 < j<s—1.Defineamap @ : (I'y)xex — FDS(X) by the rule

k k ki k
((x1] 7u1)(x227u2) e (X]s{“aus)aylyzmysfl) = (X11x22~-oxl§“,bt1y1u2)’2~~ys71us)-

An immediate verification shows that @ is an isomorphism. So, FDS(X) is the free

doppelsemigroup. O

This result generalizes the construction of the free doppelsemigroup of rank 1 presented

in [31, 32].

Exercise 2.1.10. Show that the map @ defined in the proof of the previous theorem is

an isomorphism.
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Remark 2.1.11. Theorem 2.1.9 can be also proved by the following standard method.
Firstly, we can prove that FDS(X) is a doppelsemigroup generated by X x {6} and,
secondly, that every map of X x {6} into any other doppelsemigroup can be uniquely
extended to a homomorphism of FDS(X) into that doppelsemigroup.

The following lemma establishes a relationship between both semigroups of the free

doppelsemigroup FDS(X) (see also [8]).
Lemma 2.1.12. The semigroups (F,<) and (F,>) are isomorphic.

Exercise 2.1.13. Show that the semigroups (F, <) and (F, ) are isomorphic.

Denote the symmetric group on X by 3[X] and the automorphism group of a dop-
pelsemigroup D' by AutD’. Since the set X x {0} is generating for FDS(X), we obtain
the following description of the automorphism group of the free doppelsemigroup.

Lemma 2.1.14. AutFDS(X) = 3[X].

Exercise 2.1.15. Prove Lemma 2.1.14.

Free doppelsemigroups play an important role in studying interassociativity for semi-
groups since every doppelsemigroup is a homomorphic image of the free doppelsemi-
group. Therefore, we may obtain new pairs of interassociative semigroups via construc-

ting congruences on free doppelsemigroups.

2.2 Free commutative and free n-nilpotent doppelsemigroups

In this section, we consider doppelsemigroups with both commutative operations and
study the nilpotency in doppelsemigroups. As a result, we construct a free doppelsemi-
group in the variety of commutative (n-nilpotent) doppelsemigroups. We also characte-
rize some least congruences on a free doppelsemigroup, study relationships between the
semigroups of the constructed free algebras and describe the automorphism groups of the
free algebras.

We start with the definition of the free commutative semigroup.

Let X = {wq,wy,...,w, } be a finite set. Let us denote by F*[X] the set of all nonempty

finite words w = w{'w5?..w%  where a1, @, ..., &, € NU{0} are not simultaneously
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equal to zero. Here w?,1 <i < n, is the empty word and w! = w for all w € X. A binary

operation is defined on F*[X] by the rule

B

(w‘lxlwgz...wfl‘")(wl1w22...w5") = wf‘l+ﬁ1w‘;2+ﬁ2...wg”+ﬁ".
With respect to this operation F*[X] is a semigroup, called the free commutative semi-
group on X. The set X is called the generating set of F*[X]. Similarly, the free commuta-
tive semigroup generated by an infinite set is defined.

The free commutative semigroup will be useful for constructing a free object in the

variety of commutative doppelsemigroups.

Definition 2.2.1. A doppelsemigroup (D,,}) is called commutative if both semigroups
(D,) and (D,I) are commutative.

Definition 2.2.2. A doppelsemigroup (D, -, ) with zero 0 is called nilpotent if for some
neNandanyx; € D, 1 <i<n+1,and x; € {4}, 1< j<n,

X1 *¥1 X2 %) ... % Xpyp] = 0.

The least such n is called the nilpotency index of (D,,l-). For k € N a nilpotent dop-

pelsemigroup of nilpotency index < k is called k-nilpotent.

It is obvious that operations of any 1-nilpotent doppelsemigroup coincide and it is
a zero semigroup.
Observe that the class of all commutative (n-nilpotent) doppelsemigroups forms a sub-

variety of the variety of doppelsemigroups.

Definition 2.2.3. A doppelsemigroup which is free in the variety of commutative

(n-nilpotent) doppelsemigroups is called a free commutative (n-nilpotent) doppelsemi-

group.

Our problem is to construct a free commutative (n-nilpotent) doppelsemigroup. The

following two lemmas are needed for the sequel.

Lemma 2.2.4. In a commutative doppelsemigroup (D,,F),

(xFy)dz=xF(yHz) = (xHdy)Fz=x4(yF2)
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forall x,y,z € D.

Proof. For all x,y,z € D, we have

(xFy)Hdz=z4(xFy) = (z+x)Fy
=@xdz)Fy=xd(zky)=x1(yt2z)

by the commutativity of -, F and the axiom (D1). O

Lemma 2.2.5. In a commutative doppelsemigroup (D,,\), for any n € N and any
xie€D 1<i<n+1,andxje {4}, 1<j<n,

X1 X1 X2 %) ... %y X ] = Xig *1 X2 *2... *nx(nJr])ﬂ:

= X1 X gt X2 k! oo Kyl Xt 1,
where T, @' are permutations of {1,2,...,n+ 1} and {1,2,...,n}, respectively.

Exercise 2.2.6. Using Lemmas 1.2.7, 2.2.4 and the commutativity of -, -, prove
Lemma 2.2.5.

In the construction of FDS(X) (see Section 2.1) instead of the free semigroup F[X] on
X take the free commutative semigroup F*[X] on X and instead of the free monoid T on
{a,b} take the free commutative monoid 7* on {a,b} with the empty word 6. In this

case, denote by FDS*(X) the algebra (F, <, >) with operations defined by (2.1), (2.2).
We will write the sequence y1y;...ys—1 € T* as 0 if s = 1.

Theorem 2.2.7. FDS*(X) is the free commutative doppelsemigroup.

Proof. The fact that FDS(X) is a doppelsemigroup implies that FDS*(X) is a dop-
pelsemigroup too. Obviously, FDS*(X) is commutative. It is clear from the definition
of FDS*(X) that it is generated by X x {6}.

Now let p’ be a map of X x {6} into an arbitrary commutative doppelsemigroup
(K,,F). We wish to show that there exists a unique homomorphism y extending p’.

Consider a map p : X — K such that xp = (x,0)p’ for all x € X. Take

(X1x2-~-xs7)’1y2-- -ysfl) € FDS*(X)a
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where x; € X, 1< j <s,y, € {a,b}, 1 < p <s—1. We now define a map

x : FDS*(X) — (K,-,F)

by
) xpyiapyr..Yexsp i@ = (o xgyiy2..Yeo1), s> 1,
X1p if(l.):(xl,e),
where
~ 4 ify, =a,
Yp = )
Foify,=b

forall 1 < p <s—1,s> 1. According to Lemmas 1.2.7 and 2.2.5 y is well-defined.
One can show that y is a homomorphism. It is clear that (x,0)x = (x,8)p’ for all

(x,0) € X x {6}. Since X x {0} generates FDS*(X), we obtain that ) is unique. Thus,

FDS*(X) is the free commutative doppelsemigroup. O

Exercise 2.2.8. Show that the map ) defined in the proof of Theorem 2.2.7 is a homo-

morphism.
Theorem 2.2.7 gives us an idea that one-generated free commutative doppelsemigroups

have also other presentation. Thus, from Theorem 2.2.7 we obtain
Corollary 2.2.9. (T*,0,,0p) is the free commutative doppelsemigroup of rank 1.

Further we recall the well-known construction of the free n-nilpotent semigroup.

Fix n € N. Let X be an arbitrary nonempty set and FN the set of all nonempty finite
words wiwsy ... wy,, where wi,wa,...,w,, € X and m < n. A binary operation is defined
on FNU{0} by the rule

WIW) .. W@ ...0 ifm+k<n,
(W1W2...Wm)(a)1a)2...a)k) =
0 ifm+k > n.

With respect to this operation FNU{0} is a semigroup, called the free n-nilpotent semi-
group on X. The set X is called the generating set of FNU{0}.

The problem is to extend this construction to the case of doppelsemigroups.
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Let F, := {(w,u) € FDS(X) | I, < n} U{0}. Define operations - and - on F, by

(wi,up) d(wa,u2) := Oriwa,srqto) il by, <
? b A
0 if Ly > 1,

Wiwa, w1 0puz)  if Ly, <1
(Whul)}_ (W2au2) = ( ’ b ) wiwy X 15
0 if Ly > 10

and
(wi,u1)%0:=0x% (wy,u;) :=0%0:=0

for all (wy,uy),(wa,u2) € F,\ {0} and x € {-,F}. The algebra (F,,,I) is denoted by
FNDS,, (X).

Theorem 2.2.10. FNDS,,(X) is the free n-nilpotent doppelsemigroup.

Proof. Similarly to Theorem 1 from [43], the fact that FNDS,,(X) is an n-nilpotent dop-
pelsemigroup can be proved.
Let us show that FNDS,,(X) is free in the variety of n-nilpotent doppelsemigroups.
Let (K, ;') be an arbitrary n-nilpotent doppelsemigroup and f3 : X — K an arbitrary
map. Define a map
u:FNDS,(X) — (K,~',F) : 0 — ou

as
x1By1afyr.. Yo1xsf o if 0= (xix2... X192 V-1),
x;j€X,1<j<s,y, € {a,b},
ou = 1<p<s—1,5s>1,
x1B ifo=(x,0),x €X,
0 ifw=0,
where
- -+ ify,=a,
TN iy, —b

forall 1 < p<s—1,5> 1. According to Lemma 1.2.7 u is well-defined.

A direct verification shows that 1 is a homomorphism. O
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Exercise 2.2.11. Show that the map u defined in the proof of Theorem 2.2.10 is a homo-

morphism.

The following problem is to find a more elegant version for the free n-nilpotent dop-
pelsemigroup of rank 1. Now we construct a doppelsemigroup which is isomorphic to
the free n-nilpotent doppelsemigroup of rank 1.

Fix n € N and assume T, := {u € T | [, + 1 < n} U{0}. Define operations - and I on
T, by

uyoquy ifly,, +2 < n,

upup =
0 if Lyyu, +2 > n,

uyopuy if Iy, +2 < n,
urbuy =
0 if lyu, +2>n

and
ur ¥0:=0%xu; :=0%x0:=0

for all uj,u; € T,,\ {0} and * € {-,+}. The algebra (T,,,t) is denoted by 7,,. Ob-

viously, 7, is a doppelsemigroup.

Exercise 2.2.12. Prove that T}, is a doppelsemigroup.

Lemma 2.2.13. [f|X| =1, then T, = FNDS,,(X).

Proof. Let X = {r}. An easy verification shows that a map
0 : T, — FNDS,(X),

defined by
("t u) ifueT,\{0},
0 ifu=0,

ud =

is an isomorphism. O

Exercise 2.2.14. Show that T,, and FNDS,,(X) are isomorphic if |X| = 1.

Let us discuss a relation between semigroups of the constructed free algebras and auto-

morphisms of the free algebras. The following two lemmas could be proved immediately.
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Lemma 2.2.15. The semigroups (F, <) and (F,>) (respectively, (F,,-) and (F,,\-)) of
FDS*(X) (respectively, FENDS, (X)) are isomorphic.

Exercise 2.2.16. Prove that the semigroups (F, <) and (F,>) as well (F,,) and (F,,F)

indicated in the previous lemma are isomorphic.
Lemma 2.2.17. AutFDS*(X) = AutFNDS,,(X) = 3[X].

Exercise 2.2.18. Show that the groups from Lemma 2.2.17 are isomorphic.

If f: Dy — D, is a homomorphism of doppelsemigroups, the corresponding congru-
ence on D is denoted by Ay. If p is a congruence on a doppelsemigroup (D,,F) such
that (D, ,+)/p is a commutative (n-nilpotent) doppelsemigroup, we say that p is a com-
mutative (n-nilpotent) congruence. By « (o, respectively) denote the operation on F*[X]
(on T*, respectively).

The least congruences on a free algebra play an important role for the description of
all congruences on this algebra. Now we present the least commutative (n-nilpotent)
congruence on a free doppelsemigroup.

Take (x1x2...%5,Y1Y2...Ys—1),(a1az...ap,biby...by_1) € FDS(X), where x; € X,
I<j<s,ype{abl,1<p<s—laeX, 1<q<h bgef{ab},1<d<h—1,
and define a relation £ on FDS(X) by

(xl)CQ.. Xgy Y1Y2 - .ys_l)é(alag. . .ah,blbg...bh,l)
if and only if

(X1 *Xp % ... xXg,y1 0¥20...0y5_1) = (@ xaz x...xap,byobyo...ob,_q).
Define a relation §, on FDS(X) by

(wi,u1)Gn (w2, u2)
if and only if

(W],ul) ES (Wz,uz) or lw1 >n, lwz > n.

Theorem 2.2.19. The relation & ({,) is the least commutative (n-nilpotent) congruence

on the free doppelsemigroup FDS(X).
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Proof. Define a map 7 : FDS(X) — FDS*(X) by

o7 — (x1 %x2 % ... xX5,y10y20...0y51) ifo=(xx2...%,y1¥2...¥5-1),5 > 1,

[0} otherwise.

It is immediate to show that 7 is a surjective homomorphism. By Theorem 2.2.7,
FDS*(X) is the free commutative doppelsemigroup. Then A; is the least commutative
congruence on FDS(X). From the definition of 7 it follows that A; = §.

Let us prove the second statement of the theorem.

Consider a map ¢, : FDS(X) — FNDS,,(X) defined by the rule

(w,u) ifl, <n,
(W7 u)¢n = "
0 if [, > n,
where (w,u) € FDS(X). Similarly to the proof of Theorem 4 from [43], the facts that ¢,

is a surjective homomorphism and Ay, = {, can be proved. According to Theorem 2.2.10

FNDS,,(X) is the free n-nilpotent doppelsemigroup. So, &, is the least n-nilpotent con-
gruence on FDS(X). O

Exercise 2.2.20. Show that the map 7 defined in the proof of the previous theorem is
a surjective homomorphism and A; = &.

Exercise 2.2.21. Prove that the map ¢, defined in the proof of the previous theorem is
a surjective homomorphism and Ay, = {,.

Let us consider a relation between operations of a doppelsemigroup (D, ,}) in which
(D,H) or (D,I) is a rectangular band.

Definition 2.2.22. A semigroup is called a rectangular band if it satisfies the identity
Xyx = Xx.

Note that operations of a doppelsemigroup (D,,}) with a rectangular band (D, ) or
(D, ) coincide (see [3]).
Exercise 2.2.23. Prove that operations of a doppelsemigroup (D, ,F) with a rectangular
band (D, ) or (D,}) coincide.

We conclude this section with the description of an important property of commutative

doppelsemigroups.
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Lemma 2.2.24. Operations of a commutative doppelsemigroup (D, &) with idempotent

operations 1 and \- coincide.

Proof. From Lemma 2.2.4 it follows that (xty) 4z = (x-y) -z for all x,y,z € D. Hence,
in the case x =y, using the idempotent property of - and I-, obtain x4z = xtz. O

2.3 Free n-dinilpotent doppelsemigroups

In this section, doppelsemigroups with both nilpotent semigroups are considered. We
define and study the variety of n-dinilpotent doppelsemigroups. The main purpose of
the section is to construct a free n-dinilpotent doppelsemigroup of an arbitrary rank and
characterize separately free n-dinilpotent doppelsemigroups of rank 1. Moreover, we
study some properties of a free n-dinilpotent doppelsemigroup and discuss one important
congruence on a free doppelsemigroup.

Recall the definition of a k-nilpotent semigroup (see also [40, 46, 52]). As usual, N
denotes the set of all positive integers.

Definition 2.3.1. A semigroup S is called nilpotent if S"*! = 0 for some n € N. The least
such 7 is called the nilpotency index of S. For k € N a nilpotent semigroup of nilpotency

index < k is called k-nilpotent.
Let us introduce the notion of an n-dinilpotent doppelsemigroup.

Definition 2.3.2. A doppelsemigroup (D,,I) with zero (see Definition 1.1.18) is called
dinilpotent if (D,) and (D, ) are nilpotent semigroups.

Definition 2.3.3. A dinilpotent doppelsemigroup (D, ) is called n-dinilpotent if (D, )

and (D,}) are n-nilpotent semigroups.

Note that operations of any 1-dinilpotent doppelsemigroup coincide and it is a zero
semigroup. The class of all n-dinilpotent doppelsemigroups forms a subvariety of the
variety of doppelsemigroups. It is not difficult to check that the variety of n-nilpotent
doppelsemigroups (see Section 2.2) is a subvariety of the variety of n-dinilpotent dop-

pelsemigroups.
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Definition 2.3.4. A doppelsemigroup which is free in the variety of n-dinilpotent dop-

pelsemigroups is called a free n-dinilpotent doppelsemigroup.

The problem is to construct a free n-dinilpotent doppelsemigroup.

As in Section 2.1, let F[X] be the free semigroup on X, T the free monoid on the two-
element set {a,b} and 6 € T the empty word. For x € {a,b} and all u € T, the number
of occurrences of an element x in u is denoted by dy(u). Obviously, d,(6) =0. Fixn € N
and put

M, :={(wu) eFX|XT |l,—1,=1,d(u)+1<n,xe€{ab}}U{0}.
Define operations - and - on M,, by

(wiwp,ujaup) if dy(ujauy) +1 < n,x € {a,b},

(Wl,ul)—|(W2,u2) . )
0 otherwise,

(wiwp,urbuy)  if dy(uibup) +1 < n, x € {a,b},
(wi,ur) = (wa,up) := .
0 otherwise

and

for all (wy,u;),(wa,uz) € M, \ {0} and x € {-,}. The obtained algebra is denoted by
FDDS,(X).

Theorem 2.3.5. FDDS,,(X) is the free n-dinilpotent doppelsemigroup.

Proof. First prove that FDDS,(X) is a doppelsemigroup. Let (wi,u;1), (wa,uz),
(ws,u3) € M, \ {0}. For x,y,z € {a,b} itis clear that

di(uyupzuz) +1<n

implies
dy(uiyuy) +1 < n, (2.3)

de(upzuz) +1 < n. 2.4)
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Let dy(ujaupauz) +1 < n for all x € {a,b}. Then, using (2.3), (2.4), we get

((Whul) - (Wz,uz)) - (W3, u3) = (W1W2,u1au2) - (W3, M3)
= (wiwows,ujaupaus) = (wy,up) - (waws, upaus)

= (wi,ur) A ((w2,u2) 4 (w3,u3)).
If dy(ujaupaus) + 1 > n for some x € {a,b}, then, obviously,
((wi,ur) 4 (wo,u2)) 4 (w3, uz) = 0= (wi,ur) =4 ((w2,u2) 4(w3,u3)).

So, the axiom (D3) of a doppelsemigroup holds.
If dy(ujaupbuz) + 1 < n for all x € {a, b}, then, using (2.3), (2.4), obtain

((wi,ur) A (wo,u2)) F (w3,u3) = (wiwa,urauz) - (w3, u3)
= (wiwaws, ujaupbuz) = (wy,uy) - (waws, upbus)

= (wi,u1) A ((w2,u2) b (w3,u3)).
Let dy(ujaupbuz) + 1 > n for some x € {a,b}. Then, clearly,
((wi,ur) A (wa2,u2)) F (w3,u3) = 0= (wi,u1) = ((w2,u2) = (w3, u3)).

Thus, the axiom (D1) of a doppelsemigroup holds. Similarly, one can check the axioms
(D2) and (D4). Thus, FDDS,,(X) is a doppelsemigroup.

Take arbitrary elements (w;,u;) € M, \ {0}, 1 <i<n+1.Itis clear that
dy(urawpa. ..aupr)+1 > n.

From here
(Wl,l,t])—{ (wz,uz)—k..—i(wn“,u”]) =0.
At the same time, assuming y° = 0 fory € {a, b}, for any (x;,0) € M, \ {0}, where x; € X,

1<i<n,get

(x1,0) 4 (x2,0) ... 4 (x,0) = (xlxz...x,,,an_l) #£0.
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From the last arguments we conclude that (M,,, ) is a nilpotent semigroup of nilpotency
index n. Analogously, we can prove that (M,,,F) is a nilpotent semigroup of nilpotency
index n. So, FDDS,,(X) is an n-dinilpotent doppelsemigroup.
Let us show that FDDS,,(X) is free in the variety of n-dinilpotent doppelsemigroups.
Obviously, FDDS,(X) is generated by X x {0}. Let (K, ,}') be an arbitrary
n-dinilpotent doppelsemigroup. Let § : X x {6} — K be an arbitrary map. Consider
amap a : X — K such that xa = (x,0)f for all x € X, and define a map

7 :FDDS,(X) — (K,~,I)

by
X10y1%0) .. Ys_1xs0  if 0 = (x1x2...X5,Y1Y2 .. Vs—1),
xg€X,1<d<s,yp€{a,b},
o7 = I1<p<s—1,5s>1,
xa ifo=(x1,0),x €X,
0 ifo=0,
where
- < ify,=a,
TV ity —b

forall 1 < p<s—1,s> 1. According to Lemma 1.2.7 & is well-defined.

To show that 7 is a homomorphism we will use the axioms of a doppelsemigroup and
the identities of an n-dinilpotent doppelsemigroup.

If s = 1, we will regard the sequence y;y>...ys—1 € T as 6. For arbitrary elements

(wi,ur) = (x1x2. .. X, Y1¥2 ... Ys—1),

(Wg,uz) = (Z1Z2~~.Zk7C1C2~. .Ckfl) € FDDS,,(X),

where xz,z; € X, 1 <d <s,1<i<k,yp,cije{a,b},1<p<s—1,1<j<k—1,inthe
case dy(ujauz) +1 < nforall x € {a,b}, we get

((x1x2. .. X5, y1¥2 - ¥s—1) (122 - - 28, C1C2 - - Ch1) )T

= (X1 .. XgZ1 -+ Zky V1 -+ Ys—1GC] « . .Ck—1 )T
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= X1 065;1 .. .)7S,1x5a6721a51 .. .EkflszC
~ ~ / ~ ~
= (x1 ayq .. .ys_lstl) — (ZlOCC] .. .CkflszC)

= (X])Q...xs,ylyz...ysfl)n'—v (Z]Zz...Zk,C]Cz...Ck,l)TE.
If dy(ujaup) + 1 > n for some x € {a,b}, then
((eixa. . xg,y1y2--.¥s—1) (z1z2. . zp,c162 - . cp—1) )T = 0 = 0.
Since (K,',F) is n-dinilpotent, we have
0=x; 065)'1 .. .iy,lxsaazlaa .. .Ek_lzkoc
= (x1 OC)~11 .. .)75_1)6306) - (Zl(XE] .. .EkflszC)
= (X]XQ...xs,y]yz...ys,1)7t—|/ (Z]ZQ...Zk,C]CQ...Ck,l)ﬂ:.
So,
((wi,ur) A (wa,u2)) = (wi,un)w = (wa,u2) 7

for all (whul), (Wz, uz) S FDDSn(X).

Similarly for . So, 7 is a homomorphism. It is clear that (x,0)7 = (x,0)f for all
(x,0) € X x {6}. Since X x {6} generates FDDS,,(X), the uniqueness of such homo-
morphism 7 is obvious. Thus, FDDS,(X) is free in the variety of n-dinilpotent dop-

pelsemigroups. O

Exercise 2.3.6. Check the axioms (D2) and (D4) of FDDS,(X).
Exercise 2.3.1. Prove that (M,,,F) is a nilpotent semigroup of nilpotency index n.

Exercise 2.3.8. Consider the map 7 defined in the proof of Theorem 2.3.5. Show that
((wl,ul) = (Wz,uz))ﬂ? = (wl,ul)nl—' (Wz, ug)n

for all (wl,ul), (Wz, I/tz) S FDDSn(X).

Theorem 2.3.5 gives us an idea that one-generated free n-dinilpotent doppelsemigroups
have also other presentation. Construct a doppelsemigroup which is isomorphic to the

free n-dinilpotent doppelsemigroup of rank 1.
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Fix n € N and let
D, :={uecT|d(u)+1<nxe{ab}}U{0}.
Define operations 4 and I on @, by

uraupy  if dy(wauy) +1 < n,x € {a,b},
up up =
0 otherwise,

urbuy  if dy(uibup) +1 < n, x € {a,b},
75 H uy =
0 otherwise

and
ur ¥0:=0%xu; :=0%x0:=0

for all uj,u; € ®,\ {0} and x € {-,}. The obtained algebra is denoted by ®,. Ob-

viously, ®, is a doppelsemigroup.

Exercise 2.3.9. Prove that ®, is a doppelsemigroup.
Lemma 2.3.10. If |X| = 1, then ®, 2 FDDS,(X).
Exercise 2.3.11. Let X = {r}. Prove that a map y: ®, — FDDS,(X), defined by the rule

(r114+17u) lfMGEn\{O}7

uy:=

is an isomorphism.

The following lemma establishes a relationship between both semigroups of the free

n-dinilpotent doppelsemigroup FDDS,,(X).
Lemma 2.3.12. The semigroups (My,-) and (M,,t) are isomorphic.
Proof. Let@=b, b= a and define amap o : (M,,) — (M,,F) by putting

(Wu)/}\l)a)/};) ifr= (W7)’1)’2~--ym) € Mn\{o}?yp € {a7b}7 1 < p < m,

t otherwise.
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An immediate verification shows that ¢ is an isomorphism. O

Exercise 2.3.13. Show that the map o defined in the proof of Lemma 2.3.12 is an iso-

morphism.

Since the set X x {0} is generating for FDDS,,(X ), we obtain the following description

of the automorphism group of the free n-dinilpotent doppelsemigroup.
Lemma 2.3.14. AutFDDS,(X) = 3[X].
Exercise 2.3.15. Prove Lemma 2.3.14.

Definition 2.3.16. If p is a congruence on a doppelsemigroup (D,-,l-) such that
(D,,FF)/p is an n-dinilpotent doppelsemigroup, we say that p is an n-dinilpotent con-

gruence.

At the end of this section we present the least n-dinilpotent congruence on a free dop-
pelsemigroup.

Recall thatif f: D; — D, is a homomorphism of doppelsemigroups, the corresponding
congruence on D is denoted by Ay.

Let FDS(X) be the free doppelsemigroup (see Section 2.1) and n € N. Define a relation
H(n) on FDS(X) by

(Wi, 1) iy (W2, u2)
if and only if
dy(u;)+1>n forsomex € {a,b},

(wi,u1) = (wa,up) or
dy(up)+1>n forsomey € {a,b}.

Theorem 2.3.17. The relation [, is the least n-dinilpotent congruence on the free dop-

pelsemigroup FDS(X).

Proof. Define a map ¢ : FDS(X) — FDDS,,(X) by

(w,u) ifde(u)+1<nforallx € {a,b},
(w,u)p = .
0 otherwise

((w,u) € FDS(X)). Show that ¢ is a homomorphism.
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Let (wy,u1), (wa,uz) € FDS(X) and dy(ujaup) + 1 < n for all x € {a,b}. From the last
inequality it follows that dy(u;) + 1 < n and dy(u2) + 1 < n for all x € {a,b}. Then

((wi,u1) A (wa,u))@ = (Wiwp,ujaun) @ = (Wiwo, ujauy)

= (wr,ur) A (wo,uz) = (wi,u1)@ (w2, u2) Q.
If dy(ujaup) + 1 > n for some x € {a,b}, then
((wWi,ur) 4 (w2,u2)) @ = (Wiwa,urauz )@ = 0 = (wi,u1)@ = (w2, u2) 9.

Let further dy(u1buy) + 1 < n for all x € {a,b}. Then d,(u))+1 < n, de(uy)+1<n
for all x € {a,b} and

((wi,ur) F(wo,u2)) @ = (Wiwo,u1buz) @ = (wiwa, uibuy)

= (wi,u1) F (wa,u2) = (wi,u1) @k (wa,u2) 9.
If dy(u1bup) 4+ 1 > n for some x € {a,b}, then
(Wi,u1) = (wo,u2))@ = (Wiwa,urbuz )@ = 0 = (wi,u1) @ (w2,u2) Q.

Thus, ¢ is a surjective homomorphism. By Theorem 2.3.5, FDDS,,(X) is the free
n-dinilpotent doppelsemigroup. Then A, is the least n-dinilpotent congruence on
FDS(X). From the definition of ¢ it follows that Ay = 11y,). O

2.4 Free left n-dinilpotent doppelsemigroups

In this section, we introduce left (right) n-dinilpotent doppelsemigroups which are
analogs of left (right) nilpotent semigroups of rank n considered by Schein. A free ob-
ject in the variety of left (right) n-dinilpotent doppelsemigroups is constructed and stu-
died. Using the constructed free algebras, we also characterize some least congruences
on a free doppelsemigroup.

Consider the notion of a left (right) nilpotent semigroup of rank 7.
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Definition 2.4.1 ([33]). A semigroup G is called a left (right) nilpotent semigroup of rank

n if the product of any n elements from this semigroup gives a left (right) zero.

The class of all left nilpotent semigroups of rank » is characterized by the identity
X1X2 .o . XpXp41 = X1X2 .. . Xy

The identity which characterizes right nilpotent semigroups of rank » is defined dually.
It is well-known (see [33], Lemma 1) that a left (right) nilpotent semigroup of rank n
is also a left (right) nilpotent semigroup of any rank m greater than n. Right nilpotent
semigroups appear in automata theory, namely, such semigroups are semigroups of self-
adaptive automata (see [10, 22]).

For doppelsemigroups the question about introducing an analog of a left (right) nilpo-

tent semigroup of rank # is natural.

Definition 2.4.2. A doppelsemigroup (D, ,F) is called left dinilpotent if for some n € N
and any x,...,x,, x € D the following identities hold:

(31 %1+ Hpm1 Xy ) X = X9 5 -k Xy = (0] ¥ 00 Kpm1 X)) X, (2.5)

where *1,...,%,—1 € {d,F}. The least such n is called the left dinilpotency index of
(D,,F). For k € N a left dinilpotent doppelsemigroup of left dinilpotency index < k is
called left k-dinilpotent.

Definition 2.4.3. A doppelsemigroup (D,-,) is called right dinilpotent if for some
n € N and any xq,...,x,, x € D the following identities hold:

XA (g1 g Xn) = XUk Ry Xy = X (X ¥ X)),

where *i,...,%,_1 € {-,F}. The least such n is called the right dinilpotency index of
(D,,F). For k € N a right dinilpotent doppelsemigroup of right dinilpotency index < k
is called right k-dinilpotent.

It is clear that operations of any left (right) 1-dinilpotent doppelsemigroup coincide. In
this case, we obtain a left (right) zero semigroup. Moreover, the class of all left (right)

n-dinilpotent doppelsemigroups forms a subvariety of the variety of doppelsemigroups.
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Definition 2.4.4. A doppelsemigroup which is free in the variety of left (right) n-dinilpo-
tent doppelsemigroups is called a free left (right) n-dinilpotent doppelsemigroup.

Further we will solve the problem of constructing a free left (right) n-dinilpotent dop-

pelsemigroup. We use the notations from Section 2.1.
n n

Let w € F[X]. Fixn e N. If [,, > n, by W (W) denote the initial (terminal) subword

0, 0
with the length n of w. By definition, i/ = 0 (7 = 6) for all u € T\ {0}. Define

operations - and - on

Ly={(w.u) € FIX] X T | by~ 1, = 1,1, <n}

by
(wiwp,uraup) i by, +1,, <n,
(wi,u1) = (wa,uz) := n . ol
(wlwz,ulam) if by, +1y, >n
and

(wiwa,urbuy)  ifl,, +1,, <n,
i) )i (mﬁ;ﬁ) if Ly, + lyy > 1
for all (wy,u;),(wa,uz) € L,. The obtained algebra is denoted by FDDS/,(X).
Lemma 2.4.5. The operation - of FDDS!,(X) is associative.

Proof. Let (wi,u1), (wa,u2),(w3,u3) € FDDS! (X) and

Ly, + by + 1y < (2.6)

Obviously, (2.6) implies
Ly, + 1y, <, (2.7)
Ly + 1y, < n. (2.8)

Using (2.6)—(2.8), obtain

((wi,ur) A (wa,un)) (w3, uz) = (wiwa,uraup) 4 (ws, uz)
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= (wiwaws,ujaupaus) = (wi,uy) - (waws, upaus)

= (wi,uy) A ((wa,uz) 4 (w3, u3)).

Let further
Ly, + Ly + 1y > 1. (2.9)
Divide this case into subcases:
Ly, + 1w, <1, Ly + 1wy <1, (2.10)
Ly, + 1y, <, Ly +1Lyy > n, 2.11)
Ly, + 1Ly, > n, Ly + 1y <1, (2.12)
Ly, + 1Ly, > 1, Ly + 1Ly > 1. (2.13)

Consider the case (2.11):

((wryur) A (wa,uz)) (w3, uz) = (wiwp,ujauy) 4 (w3, u3)

n n—1 n n—1
= (W1W2W3,u1auzau3> = | wiwaw3,ujaurxaus

n n—1

= (wr,un) 4 (W23 it ) = (wii0) = (Ow2,02) A (w3,05)):

Let us turn to the case (2.12). We have

n n—1

(Owr) A (w2,12)) = (w,) = (108, i ) A (w3, )

n—1

n n—1 n n—1 n n—1
= | wiwiws,ujausauz | = (wlwz,ula@) = <WIWZW3,u1au2au3)
= (W17M1)—|(W2W3,Mzau3) = (wi,u1) 4 ((w2,u2) 4 (w3,u3)).

The cases (2.10) and (2.13) are considered in a similar way. Thus, the operation  is

associative. O

Lemma 2.4.6. The operation - of FDDS! (X) is associative.
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Proof. The proof is similar to the proof of Lemma 2.4.5. O

Exercise 2.4.7. Prove Lemma 2.4.6.
Lemma 2.4.8. FDDS/ (X) satisfies the axiom (D2) of a doppelsemigroup.

Proof. Let (wi,uy),(wa,uz),(w3,u3) € FDDSﬁ,(X) and (2.6) holds. The condition (2.6)
implies (2.7) and (2.8). Using (2.6)—(2.8), get

((whul) [ (Wz, uz)) = (W3,u3) = (W1W2,u1bu2) = (W37 M3)
= (wiwows,uibupaus) = (wy,uy) = (waws, upaus)

= (wl,ul)l— ((Wz,uz) - (W3,u3)).

Let now (2.9) holds. Divide this case into subcases (2.10)—(2.13) (see the proof of
Lemma 2.4.5).

Consider the case (2.11):

((W],ul) [ (Wz,uz)) - (W3,M3) = (w1w27u1bu2) — (W3,u3)

n n—1
" n—1 <—> ’

n n—1
= (W1W2W3,M1bu2au3) ={w W2W3,u1bu2au3>

n n—1

= (wi,u1)F (mm) = (wi,u1) F ((wa, 1) = (w3, 13)).

If we have (2.13), then

n—1
n }
((wi,ur) = (wo,u2)) 4 (w3, u3) = (W1W2,M1bu2> (w3, u3)

n—1
n—> n—1 n n—1 n n—1
= | wiwiws,uiburaus | = (W1W2,u1bu2) = <W1WQW3,u1bu2au3)
n—1
—_—
n n—1 n n—1
= | wiwawi, mbuzaus | = (wi,u) b (W2W3,Mzau3>

= (Wl,ul) |— ((Wz,uz) —{ (W3,u3)).
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The cases (2.10) and (2.12) are considered in a similar way. So, FDDS/ (X) satisfies
the axiom (D2) of a doppelsemigroup. O

Lemma 2.4.9. FDDS/,(X) satisfies the axiom (D1) of a doppelsemigroup.

Proof. The proof is similar to the proof of Lemma 2.4.8. O

Exercise 2.4.10. Prove Lemma 2.4.9.
Lemma 2.4.11. FDDS/,(X) is a left n-dinilpotent doppelsemigroup.

Proof. By Lemmas 2.4.5,2.4.6,2.4.8 and 2.4.9, FDDS/, (X) is a doppelsemigroup. Show
that it is left n-dinilpotent.
Let (wi,u1),. .., (Wn,uy) € FDDS,ll(X) and xj,...,%,_1 € {d,F}. Then the expression

(t,u) := (Wi up) *p -y (Wn,up) € FDDSL(X).

It is clear that /; = n. Then

and
(ty0) = () = (9, ubg ) = (1,1)

for any (w,g) € FDDS! (X). So, FDDS/,(X) is a left dinilpotent doppelsemigroup. From
the last calculations it follows that left dinilpotency index of FDDS/,(X) is < n. O

Lemma 2.4.12. FDDS/,(X) is free in the variety of left n-dinilpotent doppelsemigroups.

Proof. Let (S,~,H') be an arbitrary left n-dinilpotent doppelsemigroup and o : X — S
an arbitrary map. Take (xi...X,y1...ys_1) € FDDS!(X), where x; € X, 1 <i <,
yj€{a,b}, 1 < j<s—1. If s=1, we will regard the sequence y;...y,—1 € T as 6.
Fory € {a,b} let

+ ify=a,

H o ify=h.

yi=
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Define a map y : FDDS/,(X) — (S,~,F) by the rule

oy X10y1%0 .. Yy 1x0 if 0= (x1x2...%5,y1¥2...Y5-1),5 > 1,
xo if o= (x,0).

By Lemma 1.2.7, y is well-defined. Show that y is a homomorphism. We will use
Lemma 1.2.7 and (2.5).

For arbitrary elements
(X1 Xgs )1+ Vs—1), (21 -+ ZpsC1 - k1) € FDDS,(X),
where z; € X, 1 <d <k, cq € {a,b}, 1 <gq <k—1, consider two cases:

s+k<n, 2.14)
s+k>n. (2.15)

In the case (2.14) obtain

(e, y1eys—1) Mz ez ere 1)) W
= (X] .+ XsZ1 -+ Zhy V1 -+ Ys—1GC] -+ - Ch1) Y
=X10Y] ... Vs 1Xs0AZ1 OC] ... Ck_12 X
= (x1097 ... ys_1%,@) ' (z10C] . . . Cp_ 174 X)

= (xl ...xs,yl...ys,l)l//—V (Zl ...zk,cl...ck,l)l//.

If (2.15) holds, then assume s+ f = n for some f € N° and consider the following three

cases:

f=0, (2.16)
f=1, (2.17)
f>1. (2.18)

In the case (2.16), we have

((xl e X5, V1 ...ysfl) = (Z] 2k, C1 ...Ck_l))l[/
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n—1

n
= (xl e XgZ1 - Zfy Y1 .- Ys—10C] - ..Ckfl) v

X1 X5, Y1 - - .ys_l)lyleay}] . ..is_lxsoc

=
= (X] 06371 .. .3757]xs05) —|/ (Z]Otg] ...Ek,lzka)
= (1. X, y1 - Y)W (210 zp 01 o) W

Suppose that the condition (2.17) is satisfied. Then

((ereeoxgyyreys—1) (21 e Zps €1 e e Ch1)) W
n n—1

= (xl e XeZ1 oo Zhy Y1 -+ - Ys—14C] .. .Ck,1> v

X1 oo XgZ1, V1 - Vs—1Q)Y = X| O] ... Ys— | X OAZ| O

X1 Otj)vl .. .)Z,]xsa?zzl (X)g] (ZQ(XEZ cen Ek,lzk(x)

= (

=

= (x10y] ... y5-1%:Q)a(21 OC] - . . Cr—121 )
= (X101 ... ys_ 1) 7 (z1QC) ... Ch_17: Q)
= (

X1 ... X5, )1 ...ys_l)l,l/—{/ (Zl..-Zk;C1 ...Ckfl)lll.

Finally, in the case (2.18), we get

(1o Xy ¥1 - ys—1) A (z1 e 2k €l e e Clm1)) W
n n—1

= (x1 e XsZ1 oo 2y Y1 .- Ys—10CT .. .Ck_1>l[1

= (X1 XgZL - T V1 - Ys—1GCT .. CF1) Y

=X10Y] .. Ys—1Xs0AZ1 OCY ... CL_1Zf O

= (X1QY] ... Vs 1X0AZ1 OCT ... C,12fO0)Cf(Zf410C 11 - . . Ch—12k OL)
= (x10y] ... Y5—1%:Q)a(21 &C] - . . C—12% )

= (x1091 ... 5s_1x50) ' (2101 ... Ch_ 125 X)
= (

xl...xs,yl...ys_l)l;/—(/ (Zl..-Zk;C1 ...Ck,])l’ll.

Similarly for . So, y is a homomorphism.

Thus, FDDSL (X) is free in the variety of left n-dinilpotent doppelsemigroups.
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Exercise 2.4.13. Consider the map Y defined in the proof of Lemma 2.4.12. Show that

((e1eexgyy1. o ys—1) (21 ziyC1 v v k1)) W
= (xl...xs,yl ...ys_l)l,lll—/ (Z]...Zk,cl ...Ck,I)III

for all (x1...Xg,y1---Ys1), (21 ---2x,¢1---cx_1) € FDDS(X).
The main result of this section is the following.
Theorem 2.4.14. FDDSL (X) is the free left n-dinilpotent doppelsemigroup.
Proof. The proof follows from Lemmas 2.4.5, 2.4.6,2.4.8,2.4.9,2.4.11 and 2.4.12. [

The following statement establishes a relationship between both semigroups of the free
left n-dinilpotent doppelsemigroup.

Lemma 2.4.15. The semigroups (L,,-) and (L,,F) of the free left n-dinilpotent dop-
pelsemigroup FDDS! (X) are isomorphic.

Proof. Letd@=b, b=a and define amap ¢ : (L, ) — (L, ) by putting

(w,c163...¢k) if = (w,cica...¢k) € Ly, cq € {a,b}, 1 < g <k,

0] ifo=Ww0),weX.

An immediate verification shows that ¢ is an isomorphism. O

Exercise 2.4.16. Show that the map ¢ defined in the proof of Lemma 2.4.15 is an iso-
morphism.

In the case of rank 1 we have a different construction for the free left n-dinilpotent
doppelsemigroup.

Fix n € N and define operations = and - on Q,, := {u € T |[, + 1 < n} by

wauy  if by, +2 < n,
uyp "y == n—1
wauy ifl,,,, +2>n

and

urbuy  if by, +2 < n,

M]Fuz = n—1
wbuy if ly, +2>n
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for all uy,u, € Q,. The algebra (Q,,,I) is denoted by Q,. Obviously, Q, is a dop-

pelsemigroup.

Exercise 2.4.17. Prove that Q,, is a doppelsemigroup.

Lemma 2.4.18. If |X| = 1, then a map v : Q, — FDDS.(X), defined by uy := (r'*! u),
is an isomorphism.

Exercise 2.4.19. Prove that Q, = FDDS/,(X) if |X| = 1.

The free left n-dinilpotent doppelsemigroup FDDS!, (X) is determined uniquely up to
isomorphism by cardinality of the set X because the generating set of FDDS/,(X) has
the same cardinality as X. Hence, obtain the following description of the automorphism

group of the free left n-dinilpotent doppelsemigroup.
Lemma 2.4.20. AutFDDS/ (X) = 3[X].
Exercise 2.4.21. Prove Lemma 2.4.20.

Definition 2.4.22. If p is a congruence on a doppelsemigroup (D,-,}) such that
(D,4,F)/p is a left (right) n-dinilpotent doppelsemigroup, we say that p is a left (right)

n-dinilpotent congruence.

At the end of this section we characterize the least left n-dinilpotent congruence on
a free doppelsemigroup.
As above, if f: D; — D; is a homomorphism of doppelsemigroups, the corresponding

congruence on D is denoted by Ay.

Theorem 2.4.23. A map m : FDS(X) — FDDS., (X), defined by

(Wvu) if L,<n,
e

(W 1) if L,>n,

(wyu) — (w,u)m =

is an epimorphism and Ay is the least left n-dinilpotent congruence on FDS(X).

Proof. Let (wi,u1),(wa,up) € FDS(X). Assume I, +1,,, < n. Then l,,, <n, l,,, < n and

((wi,ur) A (wa,u)) T = (Wiwp,urauy) T = (wiwo, uiauy)

= (wi,u1) A (wo,uz) = (wi,u1)mw - (wa,up) .
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Let l,;, + 1, > n. Divide this case into such subcases:

Ly, <n, Ly, <y (2.19)
Ly, <, by, > n, (2.20)
by, >n, by, <, (2.21)
Ly, >n, Ly, >n. (2.22)
Consider the case (2.19):
no o on—l

((wy,u1) A (wo,u2)) T = (Wiwo,ujauy) T = (wlwz,ulauz)

= (Wlaul) = (Wz,uz) = (W],ul)ﬂ—( (Wz,uz)?’C.

If the case (2.20) holds, then

n n—1
(Ovr.100) (w2, 2))7 = (wawz, wnany ) = (w3 s

n—1

n n—1 n
= <W1V72>,Mla M_2>> = (wi,up) A <V72>7 u_2>) = (wi,ur)w 4 (wa,u2)m.

In the case (2.21), we get
n n—1 l@ @:g
((wi,ur) A (w2,u0))w = (Wiwo,uraur)w = (Wlwz,umuz) = (Wl, uf )

n—1

ls n—1 lg @:g
= | wiwz, ui aup | = (Wl, i )"(Wzﬂtz) = (wi,u1)m (W, u2) 7.

Finally, if (2.22) is true, then

n_ n—l
(w100 A (w2,)) = (wiwa,wmnawa)w = (w003, imand) = (i, i )

-1
o,

ENCEEEE NI = AN =
= (wl Wi, ui a uz) = (wl7 ui > - (wz, uz) = (wi,u1)m - (wa,u) .
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Thus,
((W],Ml) = (Wz,uz))ﬂf = (W],ul)ﬂ4 (Wz,uz)ﬂ?

for all (wy,u;), (w2, up) € FDS(X).

Similarly for . So, 7 is a homomorphism. Evidently, 7 is a surjection. Since by
Theorem 2.4.14, FDDS/ (X) is the free left n-dinilpotent doppelsemigroup, Ay, is the least
left n-dinilpotent congruence on FDS(X). O

Exercise 2.4.24. Consider the map 7 defined in the proof of Theorem 2.4.23. Show that
(wi,un) b (wo,u2)) 0 = (wi,un)wE (wa,u2) 7

for all (wy,u;), (wa,u2) € FDS(X).

In order to construct free right n-dinilpotent doppelsemigroups, characterize the least
right n-dinilpotent congruence on the free doppelsemigroup and the automorphism group
of the free right n-dinilpotent doppelsemigroup we use the duality principle.

Note that doppelsemigroups have a relation with restrictive bisemigroups. Recall the

definition of a restrictive bisemigroup [34, 35].

Definition 2.4.25. Let B an arbitrary nonempty set and , - binary operations on B. An
ordered triple (B,,F) is called a restrictive bisemigroup if the axioms (D1), (D4), (D5)

and

xdydz=y-dx-z, xFykFz=xkzky,

xdx=x=xkx

hold for all x,y,z € B.

Restrictive bisemigroups have applications in the theory of binary relations.

It is known that operations of a doppelsemigroup (D,-,l) with a rectangular band
(D,H) or (D,F) coincide (see Exercise 2.2.23) and operations of a commutative
doppelsemigroup (D,,F) with idempotent operations - and + coincide too (see
Lemma 2.2.24). Obviously, operations of a doppelsemigroup (D, ,l-) with a left (right)
zero semigroup (D, ) or (D,F) coincide. At the same time, there exist restrictive bisemi-
groups [34] whose binary idempotent operations - and - are distinct.

Now we formulate one open problem.
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Open Problem 2.4.26. A doppelsemigroup is called idempotent if both its operations are
idempotent. A doppelsemigroup which is free in the variety of idempotent doppelsemi-
groups is called a free idempotent doppelsemigroup.

Construct a free idempotent doppelsemigroup.

At the end of the chapter we give more information about doppelalgebras and their
relationships with doppelsemigroups.

Richter [32] considered so-called doppelalgebras, that is, vector spaces over a field
equipped with two binary linear associative operations - and | satisfying the axioms
(D1) and (D2), and gave a condition for such algebras to be Lie algebras. In particu-
lar, in [32] it was shown that the universal enveloping algebra for Lie algebras has the
structure of a doppelalgebra and that there exists a functor from the category of doppelal-
gebras to the category of associative algebras. Doppelalgebras appear in [1] as algebras
over some operads. If in the definition of a doppelalgebra instead of a vector space over
a field we take a set and omit the linearity of operations, we obtain the notion of a dop-
pelsemigroup. The term “doppelsemigroup” was first proposed in [48]. From the last
definition it follows that a doppelalgebra is just a linear analog of a doppelsemigroup
and, therefore, all results obtained for doppelsemigroups can be applied to doppelalgeb-
ras. Moreover, a semigroup (D,}) is an interassociate of a semigroup (D, ) if and only
if (D,,F) is a doppelsemigroup. So, the problem of the description of interassociates of
a semigroup is reduced to the description of doppelsemigroups. These facts provide one
of the main motivations for the study of doppelsemigroups. A principal way in which one
can obtain interassociative semigroups is, firstly, to describe relatively free doppelsemi-
groups and, secondly, congruences on them. This is demonstrated very successfully in
this chapter (see also [48, 46, 44]), where the author constructed the free doppelsemi-
group, the free commutative doppelsemigroup, the free n-nilpotent doppelsemigroup, the
free n-dinilpotent doppelsemigroup and the free left (right) n-dinilpotent doppelsemi-

group.






Chapter 3

Structure of free strong
doppelsemigroups

In this chapter, we present a free object in the variety of strong doppelsemigroups. We
also construct and study some relatively free strong doppelsemigroups, and characterize

the least congruences on a free strong doppelsemigroup.

3.1 Free strong doppelsemigroups

Strong interassociativity for semigroups was introduced by Gould and Richardson [14]:
Two semigroups defined on the same set are strongly interassociative if the axioms
(D1)—(D3) relating operations of these semigroups are satisfied. This section deals with
strong doppelsemigroups which are sets with two binary associative operations satisfying
axioms of strong interassociativity. So, a semigroup (D,F) is a strong interassociate of
a semigroup (D, ) if and only if (D,,I) is a strong doppelsemigroup, and the problem
of the description of strong interassociates of a semigroup is reduced to the description of
strong doppelsemigroups. This fact motivates to study strong doppelsemigroups. Com-
mutative dimonoids in the sense of Loday are examples of strong doppelsemigroups and
two strongly interassociative semigroups give rise to a strong doppelsemigroup.

In this section, we describe a free strong doppelsemigroup of an arbitrary rank and for
this doppelsemigroup we construct an isomorphic one. We also consider separately free

strong doppelsemigroups of rank 1.

51
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Recall that a doppelsemigroup (D, ,F) is called strong if it satisfies the axiom
x4(ykz) =xF(y2). (D3)

In the following, we will use definitions from Sections 2.2 and 2.3.

The class of all n-dinilpotent (respectively, commutative, n-nilpotent) strong dop-
pelsemigroups forms a subvariety of the variety of strong doppelsemigroups. It is not
difficult to see that the variety of n-nilpotent strong doppelsemigroups is a subvariety of

the variety of n-dinilpotent strong doppelsemigroups.

Definition 3.1.1. A strong doppelsemigroup which is free in the variety of strong dop-
pelsemigroups (respectively, n-dinilpotent strong doppelsemigroups, commutative strong
doppelsemigroups, n-nilpotent strong doppelsemigroups) is called a free strong dop-
pelsemigroup (respectively, free n-dinilpotent strong doppelsemigroup, free commutative

strong doppelsemigroup, free n-nilpotent strong doppelsemigroup).

The main problem of this section is to construct a free strong doppelsemigroup.

Let X be an arbitrary nonempty set, n € N. We denote the union of n different copies
of X" by Y, and assume D(X) := |J,~ ¥,. Denoting by x; ...¥;...x, an element in the
i-th component of ¥, define operations 4 and - on D(X) by

(xl ...)?i...xk)—i(xkﬂ...)Zj...xl) =X ...X,-H,k...xl,

()C] .. .)2,'.. .xk) = (xk_H .. .)Ej.‘.xl) =X1. ..va_j_k_] ol X

for all xj...%...xk, Xgp1...%j...xp € D(X). The algebra (D(X),,l-) is denoted
by FSD(X).

Theorem 3.1.2. FSD(X) is the free strong doppelsemigroup.

Proof. Forall xi...%;...Xg, Xgq1 .. Xj .. X, Xpgp - - X ... X € FSD(X), we have

((X1 .. .ii...xk) — (xk+l .. .)Ej...xl)) — (X1+1 .. .)Es...xm)
== (x1 .. .)?i+j,k...xl) = ()C]+1 ...is...xm)

=X]-. .)ZiJrj,kJrS,[ e X = (xl [ 7 .xk) - (xk+1 .. .)Z]-H,l .. .xm)

= (x1 .. .55,'. . .Xk) - ((xk_H ...x"j .. .xl) = (XH_] . )‘C" . .xm)),
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((x1 ...)?i...xk) H (Xk+1 .. .)Zj...xl)) H (lerl .. .)Es...xm)
= (X1 .. -xviJrjfkfl ...xl) - (le .. .)Zs...xm)
= X] ---xui+j7k+s7172- Xy = (x1 ...ii...xk) F (karl .. .)CUH,S,[,l .. .xm)

9 9

= ()C1 .. .x,-...xk) (= ((xk+1 .. .xj...xl) - (xl-H .. .)ES...)Cm))7

((X] ...)Zi...xk) - (xk+1 .. .)Zj...xl)) F (.xl+1 .. .)Zs...xm)
= (x1 ...)?H_j_k .. .xl) H ()CH_] . ..is. . .xm)

9

= X1 K jtgsmt—1 - Xm = (X1 K x0) A (gt - X1 - X)
= (01 Fo) A ((gr - X)) E (g X x)
and
(1o Xiooox) b (egr - Fjoooxg)) A (e Xy Xm)
= (X1 K jdemt - x) A (g1 - Ko X))

=X ---xvi+j7k+xflfl X = (x1 ...x"i...xk) F (xk+1 .. .)ZjJrS,[ .. .xm)

= (x1 ...)Z,-...xk) - ((xk_H .. .)Ej...xl) — (Xl+1 .. )E‘xm))

Thus, FSD(X) is a strong doppelsemigroup.
Let us show that FSD(X) is free in the variety of strong doppelsemigroups.

First note that FSD(X) is generated by X = {#|x € X}. Indeed, every element
X1...%...xx € FSD(X) has the following representation:

xl...xvi...ka)f]—L..—Df,' }—...l—)?k.
According to Lemma 1.2.9 such representation is unique up to order of symbols

+,...,4,F,...,F. Thus, (X) = FSD(X).
11— —1

Let (S,,') be an arbitrary strong doppelsemigroup and 7 : X — S an arbitrary map.
Consider a map y: X — S such that xy = ¥y for all x € X, and define a map

¢ : FSD(X) — (S, ,F)

9

(x1 ...x,-...xk)d) = x1y4' .. .4'x,-7/F' . ..F'xk}/
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forall x;...%;...x; € FSD(X). According to Lemmas 1.2.7 and 1.2.9 ¢ is well-defined.

To show that ¢ is a homomorphism we will use Lemmas 1.2.7 and 1.2.11. For arbitrary

elements xy ...%;...Xg, Xpp1...Xj...x; € FSD(X) we get

((or - i) A (r - Xjooxp)) @
= (1. K jokex)@ =x0y A xg ey gy
=xyH Ay A ey H ey H gy
=xy~ . Ay H oyt ey Ay gy
=@y Ay Hxay) A ey A gy H xy)
= (1. Fie ) (g X X))@

and

(o1 i) F (or - X oxp)) @
= (1. K joket X)) =y A iy Xy
=xyH Ay A ey F ) E L gy
=xy+ . Ay H v gy A gy H ey
=@y A H ) ey A gy LX)

= (x1 ...)E,-...xk)d) F/ (xk+1 N .)?j.. .xl)(]).

So, ¢ is a homomorphism. Clearly, ¥¢ = ¥y’ for all ¥ € X. Since X generates FSD(X),
the uniqueness of such homomorphism ¢ is obvious. Thus, FSD(X) is the free strong

doppelsemigroup. O

The question of the description of a more elegant version for the free strong dop-
pelsemigroup is natural. Now we construct a strong doppelsemigroup which is isomor-

phic to the free strong doppelsemigroup FSD(X).
We denote N with zero by N°. Let F[X] be the free semigroup in the alphabet X. Define

operations - and - on

C = {(w.m) € BX] x N | 1, > m}
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(wi,mp) 4 (wa,mp) := (wiwa,my +my + 1), 3.1

(W],ml) = (Wz,mz) = (w1w2,m1 +I’I12) 3.2)
for all (wy,m,), (wa,m;) € C. The algebra (C,,) is denoted by F[X].
Lemma 3.1.3. ﬁ[X | is a strong doppelsemigroup generated by X x {0}.

Proof. A direct verification shows that IE[X ] is a strong doppelsemigroup. It is clear from
the definition of F[X] that it is generated by X x {0}. O

Exercise 3.1.4. Prove Lemma 3.1.3.
Lemma 3.1.5. FSD(X) and F[X] are isomorphic.

Proof. Define a map p : FSD(X) — F[X] by
(xl ...xi...xk)u = (X] e X Xyl — 1), where xj...%;...x; € FSD(X)

It is clear that u is a bijection. Show that u is a homomorphism.

For arbitrary elements x; ...%;...x, Xkt ... %;...x; € FSD(X) obtain

((X] ...i,-...xk) = (xk+1 .. .)Zj...x,)),u

Xt Kk X)) = (X1 X jg X i f—k—1)

Xl oo Xjoo XX 1 - XX i — L4 j—k)

xl...xi...xk,i—1)—|(xk+1...xj...x,,j—k—1)

~—~ o~ o~

Xt K ) (y - XL Lx)
and
(- i) F (r - X))
(1w K jket - XD = (X1 X jke—t - X i+ J— k= 2)
(1o X XXy XX i — 1+ j—k—1)
=1 XX i — D) (g oxj . xg, j—k—1)
(

xl...ii...xk)ul—(xkﬂ ...)?j...xl),u.
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Thus, u is an isomorphism. O

The following natural problem is to present a more elegant version for one-generated
free strong doppelsemigroups. Now we construct a strong doppelsemigroup which is
isomorphic to the free strong doppelsemigroup of rank 1.

Define operations - and - on R := {(n,m) € N x N° | n > m} by

(I’l] ,my ) - (nz,mz) = (I’l] +ny,my +my+ 1),
(n1,my) F(n2,mp) = (n1 +na,my +my)
for all (ny,m), (na,my) € R. The algebra (R,,I-) is denoted by R. It is not difficult to
check that R is a strong doppelsemigroup.

Exercise 3.1.6. Prove that R is a strong doppelsemigroup.
Lemma 3.1.7. If |X| = 1, then R = F[X].

Proof. Let X = {r}. One can show that a map @ : R — F[X], defined by
(n,m)@ := (r",m),

is an isomorphism. O

Exercise 3.1.8. Prove that the map @ defined in the proof of Lemma 3.1.7 is an isomor-

phism.

A principal importance of free strong doppelsemigroups is the fact that we may obtain
new pairs of strongly interassociative semigroups via constructing congruences on free

strong doppelsemigroups.

3.2 Free n-dinilpotent strong doppelsemigroups

As we have noted, the class of all n-dinilpotent strong doppelsemigroups forms a variety.
It is natural to construct a free object in this variety. In this section, we consider a free
n-dinilpotent strong doppelsemigroup of an arbitrary rank and discuss separately free

n-dinilpotent strong doppelsemigroups of rank 1.
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As in Section 2.1, let F[X] be the free semigroup on X. Fix n € N and assume
D, == {(w,m) € F[X] xN° | L, > m,m+1<n, I, —m <n}U{0}.
Define operations - and - on D,, by

(Wwiwp,mi+mp+1) ifm+my+2<n,
(leml)_|(w2)m2) = lvaWZ_ml—m2—1<I’l7

0 otherwise,

(Wwiwp,my +mp) ifm+my+1<n,

(Wl,ml)F(W2am2) = lW|W2_m1 —my Snv

0 otherwise

and
(wi,m)*0:=0% (wy,m;):=0%0:=0

for all (wy,my),(w2,mz) € D, \ {0} and * € {-,-}. The algebra obtained in this way is
denoted by FDSD,,(X).

Theorem 3.2.1. FDSD,(X) is the free n-dinilpotent strong doppelsemigroup.

roof. First prove that »(X) is a strong doppelsemigroup. Let
P First p hat FDSD,,(X) i g doppelsemigroup. L

(Whm]), (W27m2), (W37m3) S Dn\{O}

and let
my+my+m3+3<n and Ly, —m —my—m3—2 < n. 3.3)
From (3.3) it follows
my+m+2<n, my+mz+2 <n, Lyywy —ma—m3z —1 < n 34
and

lwlwz —my —np— 1 <n. (35)
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Using (3.3)-(3.5), we get

((wi,my) 4 (wa,ma)) 4 (w3,m3)

= (wywp,my +my+ 1) (w3, m3) = (wywowsz,my +my +msz+2)

= (W[,ml)—| (W2W3,I’I12+I’l’l3 =+ 1) = (W[,ml)—| ((Wz,l’nz) - (W3,m3)).

If mi +my+m3+3 >norlyw,w, —my —my—m3—2>n, then

((wy,m1) " (wa,mp)) 4 (ws,m3) = 0= (wi,my) 4 ((wa,mz) = (w3,m3)).

So, the axiom (D4) of a strong doppelsemigroup holds.

Let
my+my+mz+1<n and Ly, —m —my—m3 <N
From (3.6) it follows
mi+m+1<n
and
my+mz+1<n, Lyywy, —myp —mp <n, Lyywy —mg —m3z < n.

Using (3.6)—(3.8), we obtain

((wi,m1) = (wa,ma)) (w3, m3)

= (W1W2,m1 —I—m2) = (W3,m3) = (W1W2W3,I’H1 +m2+m3)

= (W],ml)F (W2W3,m2 —|—m3) = (Wl,ml)F ((Wz,mz) F (W3,m3)).

If my +my+m3+1>norly,w, —mg —my—m3 > n, then

((wl,ml) |— (Wz,n’lz)) }— (W3,m3) =0= (wl,ml) |— ((Wz,mz) |— (W37m3)).

Thus, the axiom (D5) of a strong doppelsemigroup holds.
Let

my+my+m3+2<n and ly,w, —m—my—m3—1<n

(3.6)

(3.7)

(3.8)

(3.9)



3.2 Free n-dinilpotent strong doppelsemigroups 59

From (3.9) it follows
my+my+2<n, (3.10)
my+m3+1<n, Lyywy —ma —m3 < 1, (3.11)
Lyywy —mp —mp < n. (3.12)

According to (3.9)-(3.12) we get

((wi,my) 4 (wa,mp)) F (wz,m3)
= (wiwa,my +my+ 1) (w3,m3) = (wiwaws,mi +my +m3 + 1)
= (wi,m) A (waws,mp +m3) = (wi,my) 4 ((wa,m) - (w3,m3))
and
((wi,mi) b (w2, mz)) = (w3, m3)
= (wiwp,my +mp) 4 (w3,m3) = (wiwawz,my +my +msz+ 1)

= (wi,mp) = (waws,my +m3 + 1) = (wi,mp) = ((wa2,ma) 4 (w3,m3)).
If my +my+m3+2>norlyw,w, —my —my—m3—1>n, then
((wi,mp) A (w2, m2)) = (w3, m3) = (wi,my) = ((w2,m2) b (w3,m3))
= ((w1,m1)F(w2,mp)) 4 (w3,m3) = (wi,my) = ((wz,mp) = (w3,m3)) = 0.
Consequently, the axioms (D1), (D2) and (D3) of a strong doppelsemigroup are satis-
fied.

The proofs of the remaining cases are obvious. Thus, FDSD,(X) is a strong dop-

pelsemigroup.
Take arbitrary elements (w;,m;) € D, \ {0} with 1 <i<n+ 1. Itis clear that
mi+my+---+myy+n+1>n.

From here

(wy,my) A (wa,mp) ... A (Wyp1,my11) =0.
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At the same time, for any (x;,0) € D, \ {0}, where x; € X with 1 <i < n, get
(x1,0) 4 (x2,0) ... 4 (x4,0) = (x1x2 .. . xp,n — 1) # 0.

From the last arguments we conclude that (D,,, ) is a nilpotent semigroup of nilpotency

index n.

Further note that

lwlwz...w,,_H —mp—my— =Ny

= (byy =my) + (hyy —ma) + -+ (Ly,,y —May1) >n
as I, —m; > 1 for all 1 <i< n+1. From the above it follows that
(wi,my) b (wo,m) b b (Wyp1,myq1) = 0.

Moreover,
(x1,0)F (x2,0) F .. .- (x4,0) = (x1x2.. . x4,0) £ 0

for any (x;,0) € D, \ {0}, where x; € X with 1 <i < n. Thus, (Dp,F) is a nilpotent semi-
group of nilpotency index n. So, FDSD,(X) is an n-dinilpotent strong doppelsemigroup.
Let us show that FDSD,,(X) is free in the variety of n-dinilpotent strong doppelsemi-
groups.
Obviously, FDSD,(X) is generated by X x {0}. Let (K,~,') be an arbitrary
n-dinilpotent strong doppelsemigroup. Let 8’ : X x {0} — K be an arbitrary map. Con-
sider a map f : X — K such that x§ = (x,0)’ for all x € X, and define a map

7 :FDSD,(X) — (K,+,})

by
B Axi B H B ifo=(x...x,i0),
xXpeX, 1< p<kk>1,
x1B if o= (x1,0),x; €X,
0 if @ =0.

According to Lemmas 1.2.7 and 1.2.9 7 is well-defined.
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To show that 7 is a homomorphism we will use the axioms of an n-dinilpotent strong

doppelsemigroup and Lemmas 1.2.7, 1.2.11.

Let (x1...xk,0), (Xg41-..x7, /) € FDSD,(X), where x,, € X for 1 < p <[. Assume
i+j4+2<n and [—i—j—1<n. (3.13)
Then, using (3.13), we get

(Cer-eoxi 8) A (orr -2, )7
= (X1 X Xper1 .- X+ jH DT =x1B + ... —|/x,-+j+2[3 H ...I—/xlﬁ
= (xlﬁ —|/ . ..—|'x,~+][3 |—/ e l—’xkﬁ) —|/ (karlB —|/.. . —kaJrH,lﬂ |—/ e }—/xlﬁ)

= ()C] .. .xk,i)7l'4/ (xk_H .. .xl,j)ﬂ:.

Ifi+j+2>norl—i—j—1>n,then

((x1 .. .xk,i) a (ka ...xl,j))n =0r=0 leﬁ +... —|/x,-+j+2ﬁ ... I—/xlﬁ
= (xlﬁ —|/ . ..—|'xl~+][3 |—/ cee l—'xkﬁ) —|/ (karlﬁ —|,.. . —kaJrH,lﬁ |—/. .. }—/x,B)

= ()C] .. .xk,i)ﬂ - (xk-H .. .xl,j)ﬂ!.

So,

((x1 . ..xk,i) - (karl .. .x;,j))n? = <X1 .. .xk,i)ﬂ—|/ (xk+1 ...xl,j)n
for all (x;...xg,0), (xXks1-..x7,j) € FDSD,(X).

Further assume
i+j+1<n and [—i—j<n. (3.14)

Using (3.14), we obtain

(o1, D) b (gr - 20, /)7
= ()C] D 9 S .xl,i+j)7l' :)Clﬁ - ...—|’xi+j+1ﬁ Ho... 'JXIB
= (xlﬁ - ...—|’xi+1ﬁ ... l—/xkﬁ) H (xk+1[3 ... —kaﬂ-Mﬁ ... }—/xlﬁ)

=(x1 .. x, )T (gpy -2 xp, )T
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fi+j+1>norl—i—j>n,then

(()Cl ...Xk,l')}— (xk+1...xl,j))7r =0r=0 :xlﬁ _|/..._|/)Ci+j+1ﬁ I—’...}—/xlﬁ
= (xlﬁ —|/...—|/x,-+1[3 }—/...}—/xkﬁ)l—/ (kaﬁ —|’...—|’xk+j+1[3 l—’...l—’xlﬁ)

= (x1 ... x0T (Xpgr .. .x7, J) T
Thus,

((x1 .. .xk,i) = (kar] ...x;,j))n = (x1 .. .xk,i)ﬂ:l—/ (ka ...xl,j)n

for all (x1...x¢,0), (Xkt1-..X1,j) € FDSD,(X).

The proofs of the remaining cases are obvious. So, 7 is a homomorphism. Evidently,
(x,0) = (x,0)B’ for all (x,0) € X x {0}. Since X x {0} generates FDSD,(X), we con-
clude that such homomorphism 7 is unique. Thus, FDSD,(X) is free in the variety of

n-dinilpotent strong doppelsemigroups. O

Further, in this section we construct a strong doppelsemigroup which is isomorphic
to the free n-dinilpotent strong doppelsemigroup of rank 1. This construction is more
elegant as it is obtained only from NO.

Fix n € N and let

Y, :={(k;m) e NxN° |k >m,m+1<n, k—m<n}U{0}.
Define operations - and I on Y, by

(k1+k2,m]+m2—|—l) ifmy+my+2<n,
(ky,my) = (ka,my) == ki+ky—m;—mp—1<n,
0 otherwise,

(k1 +kaymy +mp) ifmy+my+1<n,
(ky,my) & (ka,ma) i= ki +ky —my —my < n,

0 otherwise

and
(k],ml)*OZZO*(kl,ml) =0x0:=



3.3 Free commutative and free n-nilpotent strong doppelsemigroups 63

for all (ky,m), (k2,mz) € Y, \ {0} and * € {-,F}. The algebra obtained in this way is

denoted by Y,,. A direct verification shows that Y, is a strong doppelsemigroup.

Exercise 3.2.2. Prove that Y, is a strong doppelsemigroup.
Lemma 3.2.3. [f|X| =1, then Y,, 2 FDSD,(X).
Proof. Let X = {r}. One can show that a map 7 : Y, — FDSD,(X), defined by the rule

(r*,m) if @ = (k,m) €Y, \ {0},
0 if =0,

T .=

is an isomorphism. O

Exercise 3.2.4. Prove that Y,, and FDSD,,(X) are isomorphic if [X| = 1.

3.3 Free commutative and free n-nilpotent strong
doppelsemigroups

As we have seen in the previous chapter commutative (n-nilpotent) doppelsemigroups
are defined by the family of identities and so, they form a variety. In this section, for
the indicated variety we deal with a subvariety of commutative (n-nilpotent) strong dop-
pelsemigroups. We consider a free commutative (n-nilpotent) strong doppelsemigroup
of an arbitrary rank and discuss separately free commutative (n-nilpotent) strong dop-
pelsemigroups of rank 1.

Every commutative strong doppelsemigroup is a commutative doppelsemigroup, and
conversely, by Lemma 2.2.4, every commutative doppelsemigroup is strong. So, we ob-

tain the following lemma.

Lemma 3.3.1. The varieties of commutative strong doppelsemigroups and of commuta-

tive doppelsemigroups coincide.
Using the notation of Section 2.2, from the last lemma we obtain

Corollary 3.3.2. (i) FDS*(X) is the free commutative strong doppelsemigroup.
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(il) (T*,o0q4,0p) is the free commutative strong doppelsemigroup of rank 1.

Now we construct a strong doppelsemigroup which is isomorphic to the free commu-
tative strong doppelsemigroup FDS*(X).

In the construction of ﬁ[X ] (see Section 3.1) instead of the free semigroup on X take
the free commutative semigroup F*[X] on X. In this case, denote by F*[X] the algebra
(C,,I) with operations defined by (3.1), (3.2).

Lemma 3.3.3. FDS*(X) = F*[X].

Proof. Define the map
8 :FDS*(X) —= F*[X] : (w,u) — (w,da(u)),

where d,(u) is the number of occurrences of an element a in u. By definition, d,(0) = 0.
For all (w1,u; ), (wy,up) € FDS*(X), we have

((wiuy) < (w2,u2))6 = (wiwa,ujau)d = (wiwa,dy(u1auz))
= (wiwa,dg(ur) + 1+da(u2)) = (Wi, da(u1)) 4 (w2, da(u2))
= (wi,u1)0 4 (wa,u)8
and
((wi,u1) = (w2,u2))0 = (wiwa,u1buz)d = (wiwa,d,(u1buy))
= (wiwz,da(ur) + da(u2)) = (w1, da(u1)) = (w2, da(u2))
= (wy,u1)0F (wa,u2)6.

Thus, § is a homomorphism.
The map § is a surjection. Indeed, assuming y* = 6 for y € {a,b}, for any element
(w,m) € F*[X] there exists (w,a"b"~1) € FDS*(X) such that

(w,d"™ b """ § = (w,d, (a" b 1)) = (w,m).
Let (W],Ml) 75 (Wz,uz). If wy 75 wy, then
(wl,u1)5 = (tha(ul)) 75 (Wz,da(uz)) = (Wz,u2)5.

Assume uy # up. If I, # l,,, then it is obvious that wi # w», and from here as
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above (wi,u1)0 # (wa2,u2)8. In the case l,, = l,,, we have du(u1) # da(uz) and so,
(w1,u1)0 # (wp,uy)0 again. Thereby, O is an injection.

Thus, § is an isomorphism. O

Further consider separately one-generated free commutative strong doppelsemigroups.

Using the notation of Section 3.1, from Lemma 3.3.3 we obtain
Corollary 3.3.4. (T*,0,4,05) =R.

Exercise 3.3.5. Prove Corollary 3.3.4.

Let us turn to constructing free n-nilpotent strong doppelsemigroups.
Fix n € N and assume C, := {(w,m) € F[X] | I,, < n} U{0}. Define operations - and -
on C, by

(wiwa,my +ma+1) if b, <n,
(Wlaml)_|(W27m2) = .
0 if Ly, > 1,

wiwp,my +my) if b, , <h,
(wl,ml)l—(w2,m2) = ( ) w2
0 if Ly, >n

and

for all (wy,my), (w2,my) € C, \ {0} and * € {H,F}. The algebra (C,,,}) is denoted by
FNSD,, (X).

Theorem 3.3.6. FNSD,,(X) is the free n-nilpotent strong doppelsemigroup.

Proof. Similarly to Theorem 1 from [43], the fact that FNSD,,(X) is an n-nilpotent strong
doppelsemigroup can be proved.

Let us show that FNSD, (X) is free in the variety of n-nilpotent strong doppelsemi-
groups.

Let (K,',F") be an arbitrary n-nilpotent strong doppelsemigroup and f8 : X — K an

arbitrary map. Define a map

¢ :FNSD,(X) — (K,~,F) : 0 — 0@
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as
xB . AxBH . FHxuB ifo=(x...xi),
xpeX,1<p<kk>1,
x1B if o= (x1,0),x; €X,
0 if o =0.
According to Lemmas 1.2.7 and 1.2.9 ¢ is well-defined. Using Lemmas 1.2.7 and 1.2.11,

one can prove that ¢ is a homomorphism. O

Exercise 3.3.71. Show that FNSD,,(X) is an n-nilpotent strong doppelsemigroup.
Exercise 3.3.8. Prove that the map ¢ defined in the proof of Theorem 3.3.6 is a homo-
morphism.

Now we present an alternative construction for the free n-nilpotent strong doppelsemi-
group of rank 1.

Fix n € Nand let P, := {(k,m) € R | k < n} U{0} (see Section 3.1). Define operations
- and - on P, by

(k1 +ky,my+my+1) ifk;+k <n,
(kl,ml) #(kz,mz) =
0 if ki +ky > n,

(ki +ko,my +my) if ky +ko <,
(k1,my) = (ka,mp) i=
0 ifky +ky >n

and
(k],ml)*o =0x (k],ml) =0%x0:=0

for all (ky,my), (ka,mp) € P, \ {0} and x € {-,}. The algebra (P,,,t) is denoted by
P,. One can check that P, is a strong doppelsemigroup.
Exercise 3.3.9. Show that P, is a strong doppelsemigroup.
Lemma 3.3.10. If|X| = 1, then P, = FNSD,(X).
Proof. Let X = {r}. An easy verification shows that a map & : P, — FNSD,(X), defined
by

(r,m) if ® = (k,m) € P, \ {0},

0 ifo=0,

wé =
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is an isomorphism. O

Exercise 3.3.11. Prove that P, and FNSD, (X) are isomorphic if |X| = 1.

3.4 The least congruences on a free strong doppelsemigroup

In the previous chapter we have given the definitions of an n-dinilpotent congruence, of
a commutative congruence and of an n-nilpotent congruence on a doppelsemigroup. The
contents of this section is the description of the least n-dinilpotent congruence, of the least
commutative congruence and of the least n-nilpotent congruence on a free strong dop-
pelsemigroup. We also establish that the automorphism groups of FSD(X), FDSD, (X)
and FNSD,,(X) are isomorphic to the symmetric group on X.

Let IE[X ] be the free strong doppelsemigroup (see Section 3.1). Fix n € N and let

Y, :={(w,m) €F[X] |m+1>norl,—m>n}.
Define a relation g, on F[X] by

(w1,m1)€g,) (w2, ma)
if and only if

(wi,my) = (wa,mz) or (wi,my),(w2,mz) €Y.

By  denote the operation on F*[X]. Take (xi...xx,i),(y1 ...y, j) € F[X], where
Xp,Yq € X for 1 < p <k, 1 < g <h, and define a relation n on F[X] by

(1. DN ns J)
if and only if

X1 k... kX =YV K... %Yy, 1:]
For every n € N define a relation £, on F[X] by

(Wl,ml)p(n)(WLle)
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if and only if

(wi,my) = (wa,ma) or I, >n,l,, >n.
Theorem 3.4.1. Let IN-"'[X | be the free strong doppelsemigroup. Then

(i) &) is the least n-dinilpotent congruence on F[X];
(1) n is the least commutative congruence on ﬁ[X |5

(iii) g2y is the least n-nilpotent congruence on F[X].

Proof. (i) Define a map k,, : F[X| — FDSD,(X) by

(w.m) (wym) ifm+1<n,l,—m<n,
w,m) Ky, :=
0 ifm+1>norl,—m>n,

where (w,m) € F[X]. Show that k, is a homomorphism.

Take (wi,m;),(w2,ms) € F[X]. Let (3.10) and (3.5) hold. From (3.10) and (3.5) it
follows

mp+1<n, my+1<n, lyy—my<n and [, —my <n. (3.15)

Using (3.10), (3.5) and (3.15), we get

((wi,m) A (wa,mp)) Ky = (Wiwa,my +mp+ 1)K, = (Wiwa,m) +mp + 1)

= (wi,myp) = (wa,mz) = (wi,m1) K, = (w2, m2) K.
If mi +my+2>norly,,, —m —my—1>n,then
((wi,my) 4 (wa,mp)) Ky = (Wiwa,my +moy+ 1)K, =0 = (wy,m) K5, 3 (W2, m2) K,
Let further (3.7) and (3.12) hold. From (3.7) and (3.12) it follows

m+1<n, my+ 1< n, Ly, —my <n and I,,—my<n. (3.16)
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Using (3.7), (3.12) and (3.16), we obtain

((wi,my)E(wa,m2)) K, = (Wiwa,my +ma) K, = (wiwa,my +ma)

= (wi,mi)F (wa,mp) = (wi,m1) K, = (w2, m2)%,.
If mi+my+1>norl,,,, —m;—my > n, then
((wi,m1)E (wa,m2)) i, = (Wiwa,my +mo) Ky = 0= (Wi, u1) Ky = (W2, 42) K.

Thus, K, is a surjective homomorphism. By Theorem 3.2.1, FDSD,(X) is the free
n-dinilpotent strong doppelsemigroup. Then Ay, is the least n-dinilpotent congruence
on F[X]. From the definition of &, it follows that A, = En)-

(ii) Define a map ¢ : F[X] — F [X] by

(X]*...*Xk,i) if o= ()Cl ...xk,i),k> 1,

(xl,O) if(i):(xl,()).

ol =

It is immediate to show that { is a surjective homomorphism. By Lemma 3.3.3, F [X]is
the free commutative strong doppelsemigroup. Then A is the least commutative congru-
ence on F[X]. From the definition of { it follows that Ay = 7.

(iii) Consider a map p,, : F[X] — FNSD,,(X) defined by the rule

(0. m)pn = (wym) ifl, <n,
T o i1, >n,

where (w,m) € F[X]. Similarly to the proof of Theorem 4 from [43], the fact that p, is
a surjective homomorphism can be proved. According to Theorem 3.3.6 FNSD,(X) is
the free n-nilpotent strong doppelsemigroup. It means that Ay, is the least n-nilpotent

congruence on F[X]. From the construction of p,, it follows that Ap, = ) O

Exercise 3.4.2. Show that the maps { and p, defined in the proof of Theorem 3.4.1

are surjective homomorphisms.

Recall that we denote the symmetric group on X by 3[X] and the automorphism group

of a doppelsemigroup D’ by AutD'.



70 3 Structure of free strong doppelsemigroups

It is not difficult to see that the free algebras constructed in Sections 3.1, 3.2 and 3.3
are determined uniquely up to isomorphism by cardinality of the set X. Hence, obtain the

following lemma.
Lemma 3.4.3. AutFSD(X) = AutFDSD,,(X) = AutFNSD,(X) = 3[X].

Exercise 3.4.4. Prove Lemma 3.4.3.

Note that by Lemma 2.2.17, AutFDS*(X) = 3[X].
Now we formulate one open problem.

Open Problem 3.4.5. Let R be a class of universal algebras. It is well known that the
free product in R always exists if R is a variety of universal algebras. The free product of
arbitrary dimonoids and the free product of arbitrary doppelsemigroups were constructed
in Section 2.1 (see also [47] and [48], respectively). It is natural to raise the following
problem.

Construct a free product of strong doppelsemigroups.

At the end of the chapter we show connections between doppelsemigroups and other
algebraic structures.

One of the important motivations of studying doppelsemigroups comes from their con-
nections to duplexes, restrictive bisemigroups and trioids causing the greatest interest
from the point of view of applications. In [31], the notion of a duplex, that is, a nonempty
set equipped with two binary associative operations, was introduced and the free duplex
was constructed. Duplexes with operations - and F satisfying the axioms (D1), (D2)
were considered in [31], and in this work the free doppelsemigroup of rank 1 was given.
The operations of one-generated free doppelsemigroups were used in [25]. Duplexes with
two binary idempotent operations - and I- satisfying the axiom (D1) (so-called restrictive
bisemigroups) were studied in the work of Schein [34]. The axiom (D2) also appears in
defining identities of trialgebras and of trioids introduced by Loday and Ronco [26] (see
also [31]) in the context of algebraic topology.
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A doppelalgebra is an algebra defined on a vector space with two binary
linear associative operations. Doppelalgebras play a prominent role in
algebraic K-theory. We consider doppelsemigroups, that is, sets with two
binary associative operations satisfying the axioms of a doppelalgebra.
Doppelsemigroups are a generalization of semigroups and they have rela-
tionships with such algebraic structures as interassociative semigroups,
restrictive bisemigroups, dimonoids, and trioids. In the lecture notes
numerous examples of doppelsemigroups and of strong doppelsemigroups
are given. The independence of axioms of a strong doppelsemigroup is
established. A free product in the variety of doppelsemigroups is presented.
We also construct a free (strong) doppelsemigroup, a free commutative
(strong) doppelsemigroup, a free n-nilpotent (strong) doppelsemigroup,
a free n-dinilpotent (strong) doppelsemigroup and a free left n-dinilpotent
doppelsemigroup. Moreover, the least commutative congruence, the
least n-nilpotent congruence, the least n-dinilpotent congruence on a free
(strong) doppelsemigroup and the least left n-dinilpotent congruence on
a free doppelsemigroup are characterized. The book addresses graduate
students, post-graduate students, researchers in algebra and interested
readers.
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