ISSN 1998-6939. IHdopmauinHi TexHonorii B ocBiTi. 2016. Ne 2 (27)

UDC 004:37

Oleksandr Kolgatin

Kharkiv National Pedagogical University named after G.S. Skovoroda,
Kharkiv, Ukraine

COMPUTER-BASED SIMULATION OF STOCHASTIC PROCESS FOR
INVESTIGATION OF EFFICIENCY OF STATISTICAL HYPOTHESIS
TESTING IN PEDAGOGICAL RESEARCH

DOI: 10.14308/ite000582

Efficiency of Chi-square criterion and Fisher's angular transformation for statistical
hypothesis testing are investigated at small samples with computer-based model. The results show
that both criteria give satisfactory accuracy even at small samples. Accuracy zones of
determination of the false positive rate (type | error) are analysed on the base of stochastic
computational experiments. Comparison of sensitivities of investigated tests is shown as a
function of samples size for some cases.
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1. Introduction

The use of information and communication technologies radically transforms all spheres
of the education system, and pedagogical research is not an exception [1]. Computer-based
statistical analysis becomes a major part of the monitoring of the learning resources quality [2].
Measurement of significance of each element in three-subject didactic model [3] becomes
possible only with use of ICT. In our work, we consider statistical processing of results of
pedagogical experiment as one aspect of pedagogical research. Traditionally this problem is
solved by methods of mathematical statistics on the basis of statistical hypothesis testing. Two
hypotheses are put forward: the null hypothesis, which states that there are no differences between
the compared random variables in the studied parameter, and the alternative hypothesis, which
argues that the observed differences are caused by the impact, the study of which is the purpose of
the experiment. A researcher uses some criterion that integrates the observed differences in the
numeric form and calculates the probability of obtaining the same or larger differences in random
process to accept one of those hypothesises. The number of participants in pedagogical studies is
usually small, so we usually accept alternative hypothesis if the probability of a type | error (the
probability that the observed differences are due to random factors) does not exceed 5%. The use
of computer-based modelling provides a new look at the system of inductive methods of statistics,
gives possibility to highlight the most powerful methods and to determine the limits of their
applicability, which is particularly important in psychological and pedagogical studies, where
samples are small. This work is devoted to comparison of popular classical criteria of statistical
hypothesis testing: Pearson's criterion Chi-square and Fisher's angular transformation.
Information and communication technologies offer new perspectives for the analysis of the
boundaries of these tests application, investigation of the criteria sensitivity, development of
approaches to application of criteria for small samples that, in our view, is important to improve
methods of statistical data processing in pedagogic research.

2. Objectives

The analysis of publications ([4], [5], [6], [7] etc.) regarding the use of the Pearson's
criterion, which is built on the statistics of Chi-square, shows that the recommendations of
different authors are somewhat different, but in general reflect the fact that the replacement of the
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real distribution of the criterion value on the distribution Chi-square is an approximation, the
accuracy of which depends on the sample size. The authors recommend using this criterion at
samples, which sizes ensure not less than 5-10 measurements in every category of the frequency
tables. But analysis of the errors in significance level at deferent sizes of samples is not shown.
Some authors recommend the Fisher’s exact test ([7], [8]) and Fisher’s angular transformation [5]
as an alternative to Pearson’s test for frequency tables of two categories. So the question of
sensitivity of these tests is relevant.

3. Model and Algorithm

This analysis has been done with Chi-square criterion in the form:

x= ZZ( = >2 (1)
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where E;;,T,;— empirical and theoretical frequencies; i, m — index and number of

categories; j, k — index and number of samples (k = 2 in this study).

The form of Chi-square criterion with Yates’s correction for continuity was analysed in
our paper [9] and here is not used. All studies in this work were carried out for significance level
of 5%, the critical values of Chi-square criterion are assumed 3.841 for two categories and 5.991
for three categories.

The criterion of Fisher’s angular transformation are used in the form:

. (E E,
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where E1,1 and E12 — frequencies in one of the categories for samples 1 and 2; ny and nz —
size of samples 1 and 2. The critical value of this criterion is assumed 1.64 at significance level of
5% [5, pp. 160-162].

The method of computational stochastic testing is used for investigation of sensitivity and
specificity of ¥? and ¢~ criteria. A simple model [9] is prepared for calculation experiments: two
series of numbers are created on the base of the same random number generator; the values
obtained are distributed into m categories, we can control distribution, to ensure uniform
distribution or the predominance of frequencies in certain categories; an empirical value of
criterion is calculated for obtained frequencies tables and compared with the critical value of this
criterion at the specified level of significance; decision about the possibility of rejection of the
null hypothesis is made. We know that actually the null hypothesis is true, because both samples
(series of numbers) are generated with one random number generator. But the alternative
hypothesis will be accepted in some of the tests as the result of random factors. The relative
frequency of such false decisions is estimated as the probability of a type | error and should
correspond to the significance level that was used to choose critical value of a criterion.

We need a large number of trials to obtain a satisfactory precision of the analysis. 1000000
trials were conducted in computational experiments for each case. The precision of the obtained
values of the probability of a type | error was estimated on the base of the standard deviation in
consecutive identical trials. The estimated absolute error is about 0.0005 for 95% confidence
interval. In some of the trials with very small samples were obtained zero values of the
frequencies in some categories, and it was not possible to calculate the values of a criterion. These
results were removed from the analysis, and, if their part in the total number of trials exceeded
1%, the study under appropriate conditions was not conducted.

Two unequal random number generators were used to analyse of criteria sensitivity. In such
case we know that actually the alternative hypothesis is true, because samples (series of numbers)
are generated with deferent random number generator. We can control the level of variation. The
relative frequency of true positive decisions corresponds to the sensitivity of a criterion. This
sensitivity is determined by the level of differences between the parameters of random number
generators, which are used for samples.

Q=2
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4. Type | Error Estimation

A series of statistical tests was performed based on the proposed model for uniform
distribution of values of the compared random variables in two and three categories. Complete
enumeration of all possible combinations of sample sizes in the range from 9 to 120 was made for
the three categories. The minimum sample size that was analysed is equal to 9 that is the average
for 3 values in each category.

Analysis of the results of computational experiments for the case of the frequency

distribution into three categories (fig. 1) gives rise to conclusions:

— decreasing the sample size, in general, reduces the precision of significance level, on
which the statistic hypothesis testing is executed; the size of each sample is more
crucial than the sum of the sizes of the two samples;

— error of estimating the probability of a type | error depends on the samples sizes not
monotonically due to the discrete nature of the frequencies being compared;

— in the studied range of sample sizes (from 9 to 120) the maximum value of the
probability of a type I error amounted a = 0,058 (for example, n; = 15 and n, = 12), the
minimum o = 0,044 (for example, n1 = 9 and nz = 120), thus, for very small sample
sizes (but not less than 9) determination of significance level with application of the
Chi-square test provides accuracy not worse than 16 %, with deviations either higher or
lower.
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Fig. 1. Map of precision of type | error estimation in Chi-square test for 3 categories: full white
cells — good precision, estimation in boundaries 4.75 ... 5.25; hatched cells — estimation in
boundaries 4.65 ... 4.75 or 5.25 ... 5.35; full black cells — bad precision, estimation in boundaries
4.35...4.650r5.35 ... 5.85.

Dependence of the precision of type I error estimation in Chi-square testes with samples of
equal sizes ny =ny are shown (Fig 2) to demonstrate features of this criterion. Due to the complex
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behaviour of the dependence of the Type | of the Chi-square criterion on the size of samples, let
the reader determines the acceptable limits of application of this criterion to compare two random
variables, distributed into three categories, guided by the diagram (Fig. 1).

Type | Error, %
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Fig. 2. Precision of type | error estimation in Chi-square tests for 3 categories at samples of
equal sizes n1=n=9 ... 200.

Both Chi-square and Fisher’s angular transformation criteria can be used in case of two
categories in frequencies tables. But the type I error (Fig. 3) is not so stable as it was observed at 3

categories in frequencies tables. Such instability reflects on accuracy of providing of significance
level.

Type | Error, %
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Fig. 3. Precision of type | error estimation in Chi-square and Fisher’s Angular Transformation
tests for 2 categories at samples of equal sizes n1=n,=8 ... 200.

5. Criteria Sensitivity

Sensitivity of statistical hypothesis test is determined by three factors: features of the
criterion, significance level of the test as well as real differences between the compared
distributions. The significance level is adopted 0.05 in this study as it was underlined above. So
we should vary the distributions of probabilities in compared populations, from which two
random samples are generated to carry out the statistical test. We use two independence random
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number generators with uniform distribution of values in such intervals: the first population from
(0-d) to (1-d) and the second — from (0+d) to (1+d). Series of “measurements” distributed into 3
categories form the samples for executing the statistical hypothesis tests (Fig. 4).
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Fig. 1. Distribution of probabilities by 3 categories in random number generators for samples
1 and 2, being compared.

As a result of the computational experiments one can see that sensitivity of Chi-square test
is low at small samples (Fig. 5). We need more than 50 “measurements” to provide the type II
error less 5% even for samples that very differ (d = 0.15). Sensitivity to small differences
(d=0.05) stays lower, than 70%, in all diapason of computational experiments. Distribution of
“measurements” into 4, 5 or 6 categories leads to small increasing of Chi-square criterion
sensitivity. We observed up to 18 % increasing in case of random number generators of our study.
But this effect is determined by the form of probability distributions in compared populations.
One can estimate how the number of categories influences on the Chi-square criterion sensitivity,
using the formula (1).
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Fig. 2. Sensitivity of Chi-square test with frequencies tables of 3 categories.

We can compare the sensitivity of Chi-square and Fisher’s angular transformation (FAT)
criteria, if the “measurements” are distributed into 2 categories (Fig.6). The series of
“measurements” are generated by the same random number generators as it was describe above,
which are deferent for samples 1 and 2.
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Fig. 6. Distribution of probabilities by 2 categories in random number generators for samples
1 and 2, being compared.

The results show that sensitivity of Fisher’s angular transformation (FAT) criterion is
higher than Chi-square criterion sensitivity at 2 categories in all diapason of computational
experiments (Fig. 7). So it should be concluded that Chi-square criterion has no advantages in
using for statistical hypothesis testing, if the measurements are grouped into 2 categories. But
Chi-square criterion can be more effective at using distribution into several categories.

100
90
80
70
S 60 -
=
s 507
2 40- .
30. AT AN FAT d=0.1
S Chi-square d=0.01
20 A FAT d=0.05
10+ Chi-square d=0.05
0 \ ‘ ‘ ‘ ‘
0 50 100 150 200 250

Size of Samples

Fig. 7. Sensitivity of Chi-square and Fisher’s Angular Transformation tests with frequencies
tables of 2 categories.

6. Conclusions

Computational model for investigating the efficiency of statistical hypothesis testing is
supposed. This model does not use any assumptions about probability distribution and test
features. So it can be used for comparison of methods built on different principles.

Accuracy of the type | error estimation with Chi-square and Fisher’s angular
transformation criteria are investigated at small samples in computational experiments.
Determination of significance level (a = 0,05) with application of the Chi-square test in the
studied range of sample sizes (from 9 to 120) at frequencies tables with 3 categories provides
accuracy not worse than 16 %, with deviations either higher or lower. Accuracy is not worse than
5% (from 0.0475 to 0.525), if sizes of both samples grater than 48.

Determination of significance level with application of the Chi-square test and Fisher’s
angular transformation test in the studied range of sample sizes (from 9 to 200) is in the interval
from 0.04 to 0.08 instead of 0.05 that should be guaranteed by the test. Precision of the type I
error estimation is better (in the interval from 0.04 to 0.06) if the sizes of samples are not less
than 70.
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Investigation of sensitivity of Chi-square test at some models of probability distributions
in comprised populations shows that sensitivity is not high, it increases, if samples sizes are
grater, and if we use more categories in frequencies tables.

Comparison of sensitivities of Chi-square and Fisher’s angular transformation tests show
that Chi-square criterion has no advantages in using for statistical hypothesis testing, if the
measurements are grouped into 2 categories.

The perspectives of continuation of this study we see in investigation of precision and
sensitivity of other criteria for statistical hypothesis testing, which are in use in pedagogical
researches.
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Kouararin O.T'.

XapkiBcbkuii HaunioHaJbHuH mnenaroriyHuii yniBepcurter imeni I'. C. CxoBopoau,
XapkiB, Ykpaina

KOMIT'IOTEPHE MOJEJIOBAHHSA CTOXACTHUYHUX ITPOLECIB JJis
JOCIIKEHHA EGEKTUBHOCTI CTATUCTUYHOI I'ITIOTE3U TECTYBAHHSA ¥
NEJATOI'MTYHUX JOCJILIKEHHAX

EdextuBHicTh KpuTepito Xi-KBajpaT 1 TPUTOHOMETpHYHE NepeTBopeHHa PDimepa s
CTATUCTUYHOI TIEPEBIPKU TIMOTE3 PO3TIAAAIOTECS HAa MajJuX 3pa3kax Ha OCHOBI KOMM'TOTEPHOL
Mojieni. Pe3ynbpraTti mokasyrooTh, 110 0OuaBa KpUTEpil Jar0Th 33JOBUIbHY TOYHICTH HABITh MPHU
HEBEJIIMKUX 3pa3kaxX. TOYHICTh 30HM BH3HAYEHHS MOMUJIKOBOTO PpE3yJbTaTy HayKOBOTO
nocimipKkeHHs (TUn | TOMWIIKK) aHami3yIOThCS HA OCHOBI CTOXACTHMYHUX OOYHMCIIOBATBLHUX
eKcriepuMeHTiB. [IOpiBHAHHS YyTIMBOCTI JOCTIKYBaHUX BUIPOOYBaHb TOKa3aHa 3aJIEKHO BiJ
pO3Mipy 3pa3KiB /s I€IKUX BUIAJKIB.

Kio4oBi cji0Ba: CTOXaCTHUHHUI TMpolleC, CTAaTUCTHYHA TiNoTe3a, HEBEIMKI 3pa3KH,
KpUTEPii X1-KBaJpaT, TPUTOHOMETPUYHE NepeTBopeHHs Dimepa.
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Koararun A. T,

XapbKoOBCKM HAIMOHAJILHBIH neaaroru4yecKui YHUBEPCHUTET HUMEeHH
I'. C. CxoBopoabl, XapbKkoB, YKpanHa

KOMIIBIOTEPHOE MOJEJIMPOBAHUE CTOXACTHYECKOI'O ITPOLIECCA
JJIA UCCJIEAOBAHUSA DPPEKTUBHOCTH CTATHCTUYECKOW THUIIOTE3BI
TECTUPOBAHUSA B IEJATOr'MYECKHWX UCCJIEJIOBAHUI

O¢ddexktuBHOCT, KpuTepuss XH-KBaIpaT M TPUTOHOMETPUYECKOE Mpeodpa3oBaHHE
@dumepa Ay CTAaTUCTUYECKOM MPOBEPKU TMIIOTE3 PAcCMATPUBAOTCS HAa MajblX oOpaslax Ha
OCHOBE KOMIIBIOTEPHON Mojenu. Pe3ynpTaThl DOKa3bIBalOT, 4YTO 00a KpUTEpUsS JaroT
YIOBJIETBOPUTEIbHYIO TOUHOCTb Ja)ke IPU HeOObIINX 00pa3nax. TOYHOCTh 30HBI OIPEIEICHHS
omKMOOYHOrO pe3yibTaTa HAy4dHOTo HccieaoBaHus (Tur | ommOKM) aHaTU3UPYIOTCS Ha OCHOBE
CTOXAaCTUYECKUX  BBIYMCIMTENBHBIX  OJKCHEpUMEHTOB.  CpaBHEHHE  UYyBCTBUTEIBHOCTHU
UCCIIEyEMbIX HCIBITAHUM II0Ka3aHa B 3aBUCUMOCTH OT pa3Mepa 00pa3loB AJii HEKOTOPHIX
CIIy4yaes.

KuroueBble ciioBa: CTOXacTUYECKUH IPOLECC, CTAaTUCTHYECKas TUIIOTE3a, HEOOJbIINE
00pa3iibl, KpUTEPHUI XU-KBaIpaT, TPUTOHOMETpHUEcKoe peoOpa3oBanue duriepa.
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